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Abstract: This paper presents a fault-location technique for multi-terminal multi-section nonhomogeneous 

transmission lines which combine overhead lines with underground power cables, by using voltage and 

current synchrophasors obtained from phasor measurement units (PMUs). Firstly, a faulty line branch is 

selected to narrow down the suspected faulty area. Then, the faulty section and the exact fault location can 

be identified by calculating the normalized fault distance for each section on the selected faulty branch. 

Computational burden of the proposed analytical scheme is very low because it avoids iterative 

computations. Promising simulation results show that the proposed fault location technique can accurately 

locate the fault regardless of the fault type, fault resistance, fault location, pre-fault loading and line 

parameters inaccuracies. 

 

Nomenclature 
Some notations used in this paper are shown as follows: 

i Index of transmission system nodes 
m Index of line section 
N Number of transmission system nodes 
M Number of line sections for a specified line branch 
wi, si and ei Number of line sections of the line branch lying to the west, south and east of tap node i respectively 
L Length of line branch (km) 
l Length of line section (km) 
Zc and Г Characteristic impedance and propagation constant 
Z and Y Impedance per unit length (Ohm/km) and admittance per unit length (S/km) 
V and I Voltage and current 
T Phasor transformation matrix (PTM) for each line section 
J Junction node 
F Fault node 
K A specified system node 
x Fault distance (km) 
λ Normalized fault distance 
If Fault current injection 
TVE Total vector error 
Ai Suspected fault area of the tap node i 
δ Predefined threshold for TVE 
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1. Introduction 
With the advent of global positioning system (GPS), Phasor Measurement Units (PMUs) have become 

crucial elements of Wide-Area Situational Awareness (WASA) system, as they can significantly improve 

the performance of power system monitoring and control by offering fast acquisitions of time-synchronized 

phasor data [1, 2]. Applications of PMU as an accurate fault location technique have been widely developed 

to accelerate restoration, reduce crew repair costs and enhance reliability of delivery in power systems [3-

5].  

Initially, the development of fault-location technique mainly concentrated on two-terminal 

transmission line system [6-9]. A time-domain approach for fault-location was proposed in [6] by using 

synchronized voltage and current samples at two terminals, but the sampling rate required was up to 24 kHz. 

A numerical algorithm for two-terminal fault-location was developed in [7], based on positive and zero 

sequence components of post-fault voltages and currents. However, this work did not contain a long line 

model. The Newton-Raphson iteration was used to identify the fault-location for multi-section underground 

cables, but this method suffered from convergence and heavy computational burden issues [8]. To deal with 

this, an innovative fault-location technique was proposed for two-terminal multi-section nonhomogeneous 

transmission lines [9], which was suitable for any system and fault conditions. With the development of 

modern power systems, fault-location techniques for three-terminal and multi-terminal transmission lines 

have gradually been developed. A traveling-wave-based fault-location method for three-terminal 

transmission systems was developed by using discrete wavelet transformation (DWT) and support vector 

machines (SVMs) methods [10]. Meanwhile, incomplete three-terminal synchronized signals were used in 

[11] for fault-location, through this involved high computational burden. Then, the authors of [12] extended 

a two-terminal fault-location technique to an algorithm for three-terminal multi-section transmission lines. 

However, very few fault-location techniques have been investigated for multi-terminal transmission lines. 

A new scheme to locate a fault on a multi-terminal transmission line was developed in [13] by only using 

synchronized voltage measurements at all terminals. This algorithm helps eliminate current-transformer 

error in current measurements but the power source impedances have to be exactly known. A universal fault-

location method was proposed in [14] for N-terminal (N ≥ 3) transmission lines by calculating (N-1) indices. 

The nodal current unbalance was defined and used as a fault-location index to locate the fault on a multi-

terminal transmission line [15]. However, none of these techniques [3-15] are suitable for fault-location in 

multi-terminal multi-section nonhomogeneous transmission lines that have been widely used in 

contemporary transmission system, e.g. Taipower, to prettify the city environment [12]. Therefore, there is 

a need to develop a new fault-location method. 
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The main difficulty of fault-location for multi-terminal transmission lines is to select the faulty branch 

[15]. Therefore, based on the voltage and current synchrophasors at all terminals, a novel faulty branch 

selector is first proposed in this paper to simplify the fault-location problem from multi-terminal multi-

section transmission lines to two-terminal multi-section compound transmission lines containing the faulty 

section. Then, the faulty section can be identified and the fault can be exactly located by calculating the 

normalized fault distance for each section on the selected faulty branch. The rest of the paper is organized 

as follows. Section II describes the proposed fault-location technique. The performance of the proposed 

algorithm is assessed and analysed under various scenarios in Section III. Section IV concludes the paper. 

2. Fault Location Technique  

2.1. Faulty Line Branch Identification for Multi-Terminal Multi-Section Nonhomogeneous Transmission 
Lines 

Considering a multi-terminal N-node nonhomogeneous transmission line (Fig. 1), all nodes are 

classified into two types: terminal node p (p = 1,3,5,…,N-3,N-1,N) and tap node q (q = 2,4,6,…,N-6,N-4,N-

2). Suppose that every terminal node is equipped with a PMU. Thus, the voltage and current synchrophasors 

at all terminal nodes can be obtained. For the sake of simplicity, the nonhomogeneous characteristic of the 

transmission line and the PMUs installed at terminal nodes are not displayed in this figure. Here, the positive-

sequence quantities are used because they are applicable for all fault types. Each tap node directly connects 

three nodes which lie to its west, south and east respectively, e.g. the nodes (i-2), (i+1) and (i+2) lie to the 

west, south and east of tap node i, respectively. For tap node i, there are wi, si and ei line sections on the line 

branches Li-1, Li and Li+1 respectively; every line section length from nodes (i-2), (i+1) and (i+2) to tap node 

i is 1 2, , ,i i i

i

W W W
wl l l , 1 2, , ,i i i

i

S S S
sl l l , and 1 2, , ,i i i

i

E E E
el l l  respectively. Similarly, for tap node (i+2), there are wi+2, si+2 

and ei+2 line sections on the line branches Li+1, Li+2 and Li+3 respectively; every line section length from 

nodes i, (i+3) and (i+4) to tap node (i+2) is 2 2 2

21 2, , ,i i i

i

W W W
wl l l  


 , 2 2 2

21 2, , ,i i i

i

S S S
sl l l  


 , and 2 2 2

21 2, , ,i i i

i

E E E
el l l  


  respectively. 

It is obvious that: ei = wi+2  and 2
1

i i

i

E W
m e ml l 

  , where 1,2, , im e  . 

 

The proposed faulty line branch selector for multi-terminal nonhomogeneous transmission lines can 

be developed into three steps as below: 

Step1: Transfer the Measured Data From South to Tap Node: 

3I 1iI  1iI  3iI  1NI 

NI1I
1V

3V
1iV  1iV  3iV  1NV 

NV

Fig. 1. Multi-terminal nonhomogeneous transmission lines. 
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In Fig. 2, the junction nodes, i.e. 1 2 1, , ,i i i

i

W W W
wJ J J  , 1 2 1, , ,i i i

i

S S S
sJ J J  , and 1 2 1, , ,i i i

i

E E E
eJ J J  , and the tap nodes, 

i.e. nodes (i-2), i and (i+2), are selected as reference points of sending or receiving ends. For example, the 

sending and receiving ends of the line section i

i

S
sl  are junction node 1

i

i

S
sJ   and tap node i, respectively. 

 

For line section 1
iSl , the voltage and current at a distance of x km away from junction node 1

iSJ  can be 

expressed as follows: 

1 1cosh( ) sinh( )i iS S
xV A x B x                                                          (1) 

1 1 1( cosh( ) sinh( ))i i iS S S
x cI B x A x Z                                                      (2) 

where 1 1 1
i i iS S S

cZ Z Y  and 1 1 1
i i iS S SZ Y   signify the characteristic impedance and the propagation constant of 

the line section 1
iSl , respectively; 1

iSZ  and 1
iSY  are its impedance and admittance, respectively. The constants 

A and B can be derived from Eqs. (3) and (4) respectively by using the boundary conditions of voltage and 

current, 1 1( , )i iV I  , measured at terminal node (i+1). 

1 1 1 1 1 1 1cosh( ) sinh( )i i i i iS S S S S
i i cA V l I Z l                                                     (3) 

1 1 1 1 1 1 1cosh( ) sinh( )i i i i iS S S S S
i c iB I Z l V l                                                     (4) 

The voltage and current at junction point 1
iSJ , 1 1( , )i iS SV I , can be calculated by substituting 0x   into 

Eqs. (1) ~ (2). 

1 1 1 1 1 1 1 1cosh( ) sinh( )i i i i i iS S S S S S
i i cV V l I Z l                                                    (5) 

1 1 1 1 1 1 1 1cosh( ) sinh( )i i i i i iS S S S S S
i i cI I l V l Z                                                   (6) 

Since the line branch Li has si line sections, voltage and current at tap node i, ( , )S S
i iV I , can be obtained 

by a series of successive algebraic substitutions from the data sets 1 1( , )i iV I   as shown in Eq. (7). 

1
1 1

1 2 1
0

1 1

, 2, 4,6. , 2
i

i i i i i

i i i

S s
i iS S S S Si

s s s nS n
i ii

V VV
T T T T T i N

I II


 

 
 

     
               

    
                               (7) 

1
iWl 2

iWl i

i

W
wl

i

i

E
el 2

iEl 1
iEl

1iL  1iL 

...

1iV 

1iI 

W
iV

W
iI E

iV

S
iV

E
iI

S
iI

i

i

S
sl

2
iSl

1
iSl

iL

1
iWJ 2

iWJ 1
i

i

W
wJ  1

iEJ2
iEJ1

i

i

E
eJ 

1
iSJ

2
iSJ

1
i

i

S
sJ 

2
W
iI  2

E
iI 

2
S
iI 

2
W
iI  2

E
iI 

2
S
iI 

1iV 

1iI 

3iV 

3iI 

2
S

iV  2
S

iV 

 
Fig. 2. Specific parameters of line branches Li-1, Li and Li+1. 
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where 1 2, , ,i i i

i

S S S
sT T T  are defined as Phasor Transformation Matrices (PTMs) of line branch Li which lies to 

the south of tap node i. The subscript 1,2, , is  denote utilization of parameters of line sections 1 2, , ,i i i

i

S S S
sl l l , 

respectively. The general form of iS
mT  is expressed as Eq. (8), where 1,2, , im s  ; iS

cmZ  and iS
m  are the 

characteristic impedance and propagation constant for the line section iS
ml . 

cosh( ) sinh( )

sinh( ) cosh( )

i i i i i

i

i i i i i

S S S S S
S m m cm m m

m S S S S S
m m cm m m

l Z l
T

l Z l

   
     

                                               (8) 

Step2: Transfer the Measured Data From West to Tap Node: 

Based on the data processing in Step 1, data sets ( , )W W
i iV I  can be obtained by transferring the measured 

data from west to tap node i, as shown in Eq. (9), where 2 2( , )S S
i iV I   can be obtained from Eq. (7). 

1
1

0
1

1
2

0
2 2

, 2

, 4,6, , 2

i
i

i

i
i

i

w
W
w nW n

i
W Sw
i W i

w n W Sn
i i

V
T i

IV

I V
T i N

I I












 

  
    

     
         



                                          (9) 

The general form of iW
mT  is expressed as Eq. (10), where 1,2, , im w  . iW

cmZ  and iW
m  are the characteristic 

impedance and propagation constant for the line section iW
ml . 

cosh( ) sinh( )

sinh( ) cosh( )

i i i i i

i

i i i i i

W W W W W
W m m cm m m

m W W W W W
m m cm m m

l Z l
T

l Z l

   
     

                                                (10) 

Step3: Transfer the Measured Data From East to Tap Node: 

The data sets ( , )E E
i iV I  can be calculated by transferring the measured data from east to tap node i, as 

shown in Eq. (11), where 2 2( , )S S
i iV I   can be obtained from Eq. (7). 

1

0

1
2

0
2 2

, 2

, 2,4,6, , 4

i
i

i

i
i

i

e
NE

e nE n
Ni

E Se
i E i

e n E Sn
i i

V
T i N

IV

I V
T i N

I I












 

  
     

     
         


                                        (11) 

The general form of iE
mT  is expressed as Eq. (12), where 1,2, , im e  . iE

cmZ  and iE
m  are the characteristic 

impedance and propagation constant for the line section iE
ml . 

cosh( ) sinh( )

sinh( ) cosh( )

i i i i i

i

i i i i i

E E E E E
E m m cm m m

m E E E E E
m m cm m m

l Z l
T

l Z l

  
  

  
                                               (12) 

If no fault occurs in the transmission system as shown in Fig. 1, for each tap node i ( 2,4, , 2i N   ),

S
iV  obtained from Eq. (7), W

iV  derived from Eq. (9) and E
iV  calculated from Eq. (11) are equal to each other. 

If a fault occurs on the transmission system, the data sets ( , )W W
i iV I , ( , )S S

i iV I  and ( , )E E
i iV I  for each tap node 
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need to be modified. Here, we analyse the faulty line branch identification problem in the following two 

cases: a fault occurs on the main line branch (L1, L3, L5, etc.), and a fault occurs on the tapped line branch 

(L2, L4, L6, etc.). 

1) Fault on the Main Line Branch 

If a fault occurs on section KW
jl  of main line branch LK-1 between tap nodes (K-2) and K (Fig. 3 (a)), 

fault node F is treated as a fictitious node. The unknown variable x is defined as fault distance from fault 

node F to junction node KW
jJ . For the sake of simplicity, the nonhomogeneous characteristic of the 

transmission line is only displayed for branch LK-1. It is obvious that: eK-2 = wK  and 2
1

K K

K

E W
m w ml l

  , where 

1,2, , Km w  . 

 

Due to the fault current injection, data sets ( , )W W
i iV I  need to be modified as Eq. (13), in which 1

W
FT  and 

2
W
FT  can be expressed as 

cosh( ) sinh( )

sinh( ) cosh( )

K K K

K K K

W W W
j cj j

W W W
j cj j

y Z y

y Z y

   
     

 by respectively substituting KW
jy l x   and y x  

into it. Because there is no fault on the tapped line section, the data sets ( , )S S
i iV I  derived from Eq. (7) need 

no modification. 

1
1

0
1

1
2

0
2 2

1
2

1
1

2 2

1

2
0

1

0

, 2

, 4,6, , 2

,

,

i
i

i

i
i

i

K
K

K
K

i
i

i

i

i

w
W

w n
n

Sw
W i
w n W Sn

i i

SW w
WW Ki

F w n W SW n w j
K Ki

Ww j
FW W

w n F W
n

F f

w

w
n

V
T i

I

V
T i K

I I

VV
T T i F

I II

V
T T i K

I I

T












 





  

 

 








 
   

 
 

     
            

 
      





2

2 2

, 2, 4, , 2i

S
W i

n W S
i i

V
i K K N

I I



 















  

       


                                  (13) 

W
KI

fI

2
W
KI 

E
KI2

E
KI 

1KI 

2
S
KI 

1KI 

S
KI

1KV  1KV 

KW
jl

1
K

K

W
wl 

K

K

W
wl

W
FI E

FI

W
FV E

FV
1

KWl 2
KWl

KW
jJ W

KI

1KI 

1KV 

fI

S
FVK

K

S
sl

KS
jl

1
K

K

S
sl  2

KSl 1
KSl

2
S
FI 1

S
FIS

KIE
KI

2
W
KI 

2
E
KI  2

S
KI 

KS
jJ

 

(a)       (b) 

Fig. 3. Fault occurring on (a) section KW
jl  of main line branch LK-1 and (b) section KS

jl  of the trapped line branch LK. 
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Similarly, the data sets ( , )E E
i iV I  should be modified as Eq. (14), in which 1

E
FT  and 2

E
FT  can be defined 

as 
cosh( ) sinh( )

sinh( ) cosh( )

K K K

K K K

W W W
j cj j

W W W
j cj j

y Z y

y Z y

  
    

 by respectively substituting y x  and KW
jy l x   into it. 

2
2

2

1

0

1
2

0
2 2

1

1

2

2
0

1

0

, 2

, 4, 6, ,

,

, 2

i
i

i

i
i

i

K
K

K

i

i

i

i

e
NE

e n
n

N

Se
E i

e n E Sn
i i

SE e
EE Ki

F e n E SE n j
K Ki

Ej
FE E

e n F E
n

F f

e

e n
n

V
T i N

I

V
T i N N K

I I

VV
T T i F

I II

V
T T i K

I I

T

















 
















 
    

 
 

      
            

 
       





2

2 2

, 4, 6, , 2i

S
E i

E S
i i

V
i K K

I I


 















  

       


                                      (14) 

Due to the large fault current fI  when a fault occurs on the line section KW
jl  of main line branch LK-1, 

for tap node i (i=K,K+2,…,N-2), there must be a substantial difference between the value W
iV  calculated 

from Eq. (9) and its actual value as shown in Eq. (13). Meanwhile, for tap node i (i=2,4,…,K-2), there must 

be a significant difference between the value E
iV  calculated from Eq. (11) and its actual value derived from 

Eq. (14). 

2) Fault on the Tapped Line Branch 

As shown in Fig. 3 (b), if a fault occurs on the line section KS
jl  of the tapped line branch LK between 

the tap node K and the terminal node (K+1), the fault node F is treated as a fictitious node. The unknown 

variable x is defined as the fault distance from fault node F to the junction node KS
jJ . 

Due to the fault current injection, ( , )S S
K KV I  for tap node K should be modified as Eq. (15), where 

1( , )S S
F FV I  can be derived from Eq. (16); while ( , )S S

i iV I  for other tap nodes (i=2,4,…,K-2, K+2,…,N-2) can 

also be derived from Eq. (7). 

1

2
0

1

K
K

K

SS s j
FS SK

s n F SS n
F fK

VV
T T

I II

 




  
           

                                                (15) 

1
1

1
1

11

K
K

K
K

S s
KSSF

F s nS n s j
KF

VV
T T

II





   

   
      

  
                                                 (16) 

where 1
S

FT  and 2
S

FT  can be expressed as 
cosh( ) sinh( )

sinh( ) cosh( )

K K K

K K K

S S S
j cj j

S S S
j cj j

y Z y

y Z y

   
     

 by substituting KS
jy l x   and 

y x  into it respectively. 
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Because of the large fault current fI , values of ( , )S S
K KV I  calculated from Eq. (7) must deviate far from 

their actual value, as shown in Eq. (15). Besides, the actual value of data sets ( , )W W
i iV I  and ( , )E E

i iV I  can also 

be derived from Eqs. (9) and (11) respectively, but ( , )S S
K KV I  used in these equations should be calculated 

from Eq. (15). Thus, the actual value of W
iV  for tap nodes (K+2), (K+4),…, (N-2) and the actual value of E

iV  

for tap nodes 2, 4,…, (K-2) must respectively deviate far from the values derived from Eqs. (9) and (11) 

without using data set ( , )S S
K KV I  calculated from Eq. (15). 

The suspected fault area for tap node K in a multi-terminal N-node nonhomogeneous transmission line 

can be identified as Table 1. Ideally, the calculated values of S
KV , W

KV  and E
KV  for tap node K must equal to 

each other if no fault occurs in the transmission line system. However, due to the uncertainty of measurement 

and line parameters, there will be a slight deviation among these values. Here, total vector errors (TVE), i.e. 

TVEWS
K , TVESE

K  and TVEEW
K , are defined as: 

TVE max( , , )WS W S W S E
K K K K K KV V V V V                                          (17) 

TVE max( , , )SE S E W S E
K K K K K KV V V V V                                          (18) 

TVE max( , , )EW E W W S E
K K K K K KV V V V V                                         (19) 

If a fault occurs in the transmission line system, there is only one calculated voltage among  , ,S W E
K K KV V V  

that deviates far from its actual value; the absolute value is much smaller than that of the others because the 

large fault current fI , shown in Eqs. (13) ~ (15), has not been considered during its calculation. Thus, the 

denominator in Eqs. (17) ~ (19), i.e. max( , , )W S E
K K KV V V , must be the actual voltage of tap node K, which can 

be an appropriate basis for TVE calculation. In Table 1, maxTVEK  is the maximum value of 

 TVE , TVE , TVEWS SE EW
K K K . If this value is less than or equal to a predefined threshold δ (Mode 1), the differences 

between  , ,S W E
K K KV V V  are identified as the result of uncertainty of measurement and line parameters. Then, 

we can conclude that no fault occurs in the transmission line system or a fault occurs at/near to tap node K. 

Otherwise, one of the remaining three modes, i.e. Mode 2, 3 and 4, can be identified according to minTVEK  

that is the minimum value of  TVE , TVE , TVEWS SE EW
K K K . For example, minTVE TVEWS

K K  means that W
KV  and S

KV

are the actual voltage of tap node K due to the negligible difference between them; the line branches lying 

to the east of tap node K, i.e. LK+1 ~ LN-1, are recognized as the suspected faulty area due to the large values 

of TVESE
K  and TVEEW

K . Similarly, the suspected faulty areas of Mode 3 and 4 can be identified by the same 

logic. The threshold value δ may vary for different transmission line systems, which should satisfy the 

following two criteria simultaneously:  no faulty line branch should be identified when the transmission line 
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system is in no-fault state, and any fault in the system should be successfully detected. Thus, Monte Carlo 

simulations are performed with different system parameters (e.g. pre-fault loading) and fault conditions (e.g. 

fault type and fault resistance) as illustrated in Figs. 12 and 13 to determine the appropriate threshold value 

which meets the above two criteria simultaneously. 

 

The proposed fault line branch identification scheme for multi-terminal multi-section nonhomogeneous 

transmission lines is summarized in Fig. 4.  

 

After calculating maxTVEi  and minTVEi  for each tap node i, the suspected faulty area iA  of each tap node 

can be derived according to Table 1. If all tap nodes are in Mode 1, the transmission line system can be 

identified in non-fault state. Otherwise if no tap node is in Mode 1, the faulty line branch can be selected by 

getting an intersection of the suspected faulty area iA  for all tap nodes, in Mode 2, 3 or 4. Furthermore, if 

only one tap node, e.g. tap node K, is in Mode 1 and others are in Mode 2 or 3, the fault can be located 

at/near to this tap node K. For this situation, we need to narrow the suspected fault area further, in preparation 

Table 1 Fault branch location for tap node K in a multi-terminal N-node 
nonhomogeneous transmission line system 
 

Mode Faulty Branch Indication Suspected Faulty Area 

1 max
TVEK   No fault OR fault 

at/near to tap node K 

2    max min
TVE & TVE TVE

WS

K K K
   LK+1 ~ LN-1 

3    max min
TVE & TVE TVE

SE

KK K   L1 ~ LK-1 

4    max min
TVE & TVE TVE

EW

KK K   LK 

TVE
WS

i
TVE

SE

i
TVE

EW

i

iA

iA

min
TVE TVE

WS

K K
 min

TVE TVE
SE

K K
 min

TVE TVE
EW

K K


 
Fig. 4. Faulty line branch identification for multi-terminal multi-section nonhomogeneous transmission lines. 
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for the exact fault location (described in the next sub-section). As shown in Fig. 4, the faulty line branch can 

be selected according to the value minTVEK  converges to, for example, if minTVEK  converges to TVEEW
K , the fault 

can be identified on line branch LK. However, if minTVEK  does not converge to any value and fluctuates among 

TVEWS
K , TVESE

K  and TVEEW
K , the fault can be located at tap node K. 

2.2. Exact Fault Location 

Once the faulty line branch is identified, we can locate the exact fault point based on the voltage and 

current synchrophasors at both ends of the faulty line branch. For transmission lines shown in Fig. 1, there 

are four types of faulty branches, which are depicted in Fig. 5. For type (a), 1 1( , )V I can be directly measured 

by a PMU installed at terminal node 1; the voltage and current of node 2 can be derived as 2 2 2( , )S E SV I I . For 

type (b), ( , )N NV I  can be directly measured by a PMU installed at terminal node N; the voltage and current 

of node (N-2) can be calculated as 2 2 2( , )S W S
N N NV I I   . For type (c), the voltage and current of nodes (i-2) and 

i can be obtained as 2 2 2( , )S W S
i i iV I I    and ( , )S E S

i i iV I I  respectively. For type (d), 1 1( , )i iV I  can be directly 

measured by a PMU installed at terminal node (i+1); the voltage and current of node i can be calculated as 

( , )W E W
i i iV I I  or ( , )E E W

i i iV I I . 

 

Using the above analysis, the fault location for multi-terminal nonhomogeneous transmission lines 

can be converted into fault location for two-terminal nonhomogeneous transmission lines (Fig. 6). Assume 

that there are M line sections on the line branch H-R. Every line section length from node H to node R is 

1 2 1, , , Ml l l   and Ml . A fault occurs on the line section jl  and locates x km away from the junction node jJ . 

 

2
S
iI 2

W
iI 

E
iIS

iI

1iI  1iI 

1iV  1iV 

2
SI 2

EI

3I

1I
1V

3V

2
S
NI 

1NI 

NI

1NV 

NV

2
W
NI 

W
iI E

iI

1iI 

1iV 

 
Fig. 5. Four types of faulty branches: (a)~(c) a fault on the main line branch and (d) a fault on the tapped line branch. 

  

1l

HV

HI

2l Ml

RV

RI

1J 2J 1jJ  jJ

1Ml 

1MJ 2MJ 

jl

,HFV ,RFV
,HjI ,RjI

,HjV
,RjV

 
Fig. 6. Equivalent two-terminal nonhomogeneous transmission lines. 
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Since 1 2 1, , , jl l l   and 1 2, , ,j j Ml l l    are healthy line sections, voltage and current phasors ,H ,H( , )j jV I  at 

junction node 1jJ   and ,R ,R( , )j jV I  at junction point jJ  can be likewise derived via a series of substitutions 

from the data sets H H( , )V I  and R R( , )V I  respectively, as follows: 

,H HH H H H
1 2 2 1

,H H

j

j j
j

V V
T T T T

I I 

   
        

  
                                                      (20) 

,R RR R R R
1 2 1

,R R

j

j j M M
j

V V
T T T T

I I  

   
        

  
                                                     (21) 

where H H H H
1 2 2 1, , , ,j jT T T T    and R R R R

1 2 1, , , ,j j M MT T T T    are PTMs of nodes H and R respectively. Thus, the suspected 

faulty area is further narrowed down to a two-terminal homogeneous transmission line. The voltage at fault 

point F can be expressed in terms of the two data sets ,H ,H( , )j jV I  and ,R ,R( , )j jV I  derived from Eqs. (20) and 

(21) respectively: 

,H ,H ,Hcosh( ) Z sinh( )F j j cj j jV V y I y                                                      (22) 

,R ,R ,Rcosh( ) Z sinh( )F j j cj j jV V x I x                                                      (23) 

where jy l x  ; j  and Zcj  are the propagation constant and characteristic impedance of line section jl  

respectively. Using the relationship ,H ,RF FV V  and equating Eqs. (22) and (23), the normalized distance 

variable j  can be solved as follows [9]: 

 ln

2

j j

j
j j j

P Qx

l l
  


                                                               (24) 

jP  and jQ  are given by: 

,R ,R ,H ,H( Z ) ( Z )exp( )j j cj j j cj j j jP V I V I l                                                (25) 

,H ,H ,R ,R( Z )exp( ) ( Z )j j cj j j j j cj jQ V I l V I                                              (26) 

Based on Eq. (24), we can derive M fault location indices j  (j=1,2,…,M). From j=1 to M, if the 

obtained j  converges and falls within the interval [0,1], then jl  is recognized as the correct fault line section. 

3. Performance Evaluation  

In order to evaluate the proposed fault-location algorithm, a 345-kV 50-Hz transposed 5-terminal 

nonhomogeneous line system (Fig. 7), consisting of three types of transmission lines, i.e. underground cable 

and two kinds of overhead lines with different parameters, was implemented in PSCAD software. Since the 

main focus of this paper is on the fault-location technique, it is assumed that the fundamental phasors from 

PMUs can be directly obtained without considering the decaying DC offset. The related parameters are 

depicted in Table 2. The fault-location error is defined as Eq. (27). 
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Estimated location - Actual location
Error%= 100%

The length of faulty linesection
                                        (27) 

 

 

Firstly, some typical cases are analysed to illustrate the proposed faulty branch localization mechanism. 

When an A-phase to ground fault (AG-fault) on the main line section 2
1
El  occurs on the point which is 60% 

away from tap node 4 with a fault resistance of 20 Ω, Figs. 8 (a)~(c) depict the calculated indices 

TVE ,TVEWS SE
i i  and TVEEW

i  for each tap node, in which negative values, zero and positive values in horizontal 

axis denote pre-fault cycles, fault occurring time and post-fault cycles, respectively. According to Table 1, 

it is obvious that tap node 2 is in Mode 2, while tap nodes 3 and 4 are in Mode 3. Besides, Fig. 8 (d) shows 

the selected faulty line branch by getting an intersection of the suspected faulty areas for each tap node, in 

which L1~L7 in vertical axis represent the seven line branches in Fig. 7, while 0 denotes no fault. Before 

2
1
Wl

1E 1Z

2
2
Wl

2
1
WJ 2

2
WJ

2
3
Wl 2

2
El

4
1
Wl

2
1
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4
2
Wl

4
2
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6
1
Wl

4
1
El

6
2
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8Z
8E

6
2
El 6

1
El

1L 3L 5L 7L

3E

3Z

2
2
Sl

2
1
Sl

2L

6
1
EJ

7E

7Z

6
2
Sl

6
1
Sl

6L
4

3
Sl

4
2
Sl

4
1
Sl

4L

4
1
WJ 6

1
WJ

2
1
SJ

4
1
SJ

4
2
SJ 6

1
SJ

 
Fig. 7. Simulation system consists of a 5-terminal nonhomogeneous line. 

Table 2 Parameters of a five-terminal nonhomogeneous line system 
 

System voltage: 345kV System frequency: 50 Hz 
Source Source impedance 

1

3

7

8

1 30
1 20
1 10
1 0

E
E
E
E

 
 
 
 









 
11

31

71

71

0.232 j5.87
0.346 j6.23
0.198 j6.19
0.218 j5.95

Z
Z
Z
Z

 
 
 
 

 
10

30

70

80

1.784 j8.18
2.134 j7.58
1.786 j7.53
1.592 j8.22

Z
Z
Z
Z

 
 
 
 

 

Every section length of transmission line (km): 
2 2 2 2 4 2 4 2

6 62 4 4 4 4 4

6 6 6 6

1 2 3 2 1 1 2 2

1 2 1 1 2 3 2 1

2 1 2 1

20 , 50, 30; 45 , 55; 40,

40; 60, 40; 25, 30, 25;

48, 52; 35, 45.

W W W E W E W S

W WS E E S S S

E E S S

l l l l l l l l

l l l l l l l l

l l l l

       
       
   

 

Parameters of underground cable ( 2

1

W
l , 2

1

S
l , 4

1

S
l , 6

1

E
l ): 

1

0

0.024 j0.0804 (Ω km)
0.036 j0.1043 (Ω km)

Z
Z

 
 

 1

0

-6

-6
j143.768 10 (S km)

j143.768 10 (S km)

Y

Y

 
 

 

Parameters of overhead line 1 ( 2

2

W
l , 2

2

S
l , 2 4

1 2
or

E W
l l , 4

2

S
l , 64

1 2
or

WE
l l , 6

1

S
l , 6

2

E
l ): 

1

0

0.038 j0.2815 (Ω km)
0.248 j0.8438 (Ω km)

Z
Z

 
 

 1

0

-6

-6
j4.083 10 (S km)

j2.238 10 (S km)

Y

Y

 
 

 

Parameters of overhead line 2 ( 2

3

W
l , 2 4

2 1
or

E W
l l , 4

3

S
l , 64

2 1
or

WE
l l , 6

2

S
l ): 

1

0

0.061 j0.2837 (Ω km)
0.362 j1.0458 (Ω km)

Z
Z

 
 

 1

0

-6

-6
j3.936 10 (S km)

j2.119 10 (S km)

Y

Y

 
 
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fault inception, the maximum TVE value of each tap node is smaller than the predefined threshold δ in Table 

1 which is set as 0.2% in this paper. That means all the tap nodes are in Mode 1 and no fault is identified 

during this period.  Due to the overshoot of 4TVESE  caused by the fault, the selected faulty line branch 

fluctuates between L3 and L4 in the first half-cycle after fault inception. However, the selected fault line 

branch converges to L3 in the next 3.5-cycle, which can correctly identify the faulty branch. Furthermore, 

the normalized distance variables, i.e. 2
1
E  and 2

2
E , for each line section of faulty line branch L3 are 

calculated to obtain the exact fault point by solving Eq. (24): 2
1 0.5999E  , 2

2 0.4765E   . Line section 2
1
El is 

identified as the faulty section because 2
10 1E  , and the fault location error is 0.01%, which is negligible. 

 

Figs. 9 (a)~(c) show the calculated indices for each tap node when an AG-fault occurs on the tapped 

line section 4
2
Sl  (30% away from junction node 4

2
SJ  with a fault resistance of 50 Ω). With reference to Table 

1, tap nodes 2, 4 and 6 are in Mode 2, 4 and 3 respectively. Thus, the faulty line branch (Fig. 9 (d)) can be 

correctly identified as L4. Besides, we can obtain the exact fault point by solving Eq. (24): 4
1 2.7326S   , 

4
2 0.3002S  , 4

3 1.3514S  . Since 4
20 1S  , the corresponding line section 4

2
Sl is identified as the faulty section, 

and the fault location error is 0.02%, which is pretty small. 

 

A temporary arcing fault case [16, 17] (BG-fault fault on line section 4
1
El , 50% away from tap node 6 

with a fault resistance of 10 Ω) is implemented to further demonstrate the effectiveness of the proposed 
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Fig. 8. Faulty branch indices of (a) tap node 2, (b) tap node 4 and (c) tap node 
6, and (d) the selected faulty branch for a fault on the main line section 2

1
El . 
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Fig. 9. Faulty branch indices of (a) tap node 2, (b) tap node 4 and (c) tap node 

6, and (d) the selected faulty branch for a fault on the tapped line section 4
2
SL . 
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fault-location technique. Figs. 10 (a)~(c) describe the calculated indices for each tap node, which show that 

tap nodes 2 and 3 are in Mode 2, and tap node 4 is in Mode 3 within three cycles after fault inception. 

Therefore, the faulty line branch is identified as L5 as shown in Fig. 10 (d). Due to the index overshoots 

resulted from the arcing fault and its clearance, the faulty line branches are wrongly selected as L6 and L4 at 

the very beginning of the first cycle after fault inception and in the last half-cycle before the all tap nodes 

return to Mode 1 respectively. However, the temporary arcing fault can be successfully identified at line 

branch L5, because the wrong identification just takes up a small proportion of the fault period. 

 

To assess the accuracy of the proposed faulty branch selector, Fig. 11 shows the value of min
2TVE  

converges to when a three-phase short-circuit fault (ABC fault) occurs on the line section 2
3
Wl  with a fault 

resistance of 30 Ω in four fault-point scenarios, i.e. 0.5%, 0.3%, 0.1% and 0.03% away from tap node 2. In 

all the four scenarios, tap node 2 is recognized in Mode 1 while tap nodes 4 and 6 are identified in Mode 3 

according to Table 1. Thus, the fault can be located on/near to the tap node 2 with reference to faulty line 

branch identification logic summarized in Fig. 4. The suspected fault area is further narrowed down 

according to the value min
2TVE  converges to. For the first three scenarios (Figs. 11 (a)~(c)), the fault can be 

identified on the line branch L1 as the value of min
2TVE  converges to 2TVESE  after 2.1-cycle, 2.4-cycle and 3.8-

cycle when fault occurs. It can be seen that the proposed faulty branch selector needs more time to identify 

the correct faulty line branch if a fault occurs closer to tap node. However, if a fault further approximates to 

the tap node, the fault location can only be identified on the tap node instead of its actual point. For example, 

the ABC fault occurs at a distance of 0.03% away from tap node 2 (Fig. 11 (d)), the value of min
2TVE  

fluctuates among 2TVEWS , 2TVEEW  and 2TVESE , and the fault can only be located at tap node 2 by using the 

proposed scheme. Besides, further simulation shows that when a fault occurs on the tap node 2, min
2TVE  

cannot converge to any value just like Fig. 11 (d). 
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Fig. 10. Faulty branch indices of (a) tap node 2, (b) tap node 4 and (c) tap node 6, and (d) 

the selected faulty branch for a temporary arcing fault on the tapped line section 4
1
EL . 
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To validate the robustness of the proposed fault-location technique, 16 fault cases with various fault 

types and fault resistances on different line sections are simulated, as shown in the first two columns of 

Table 3. We can see from the third and fourth columns of Table 3, if a fault occurs on the tapped line branch, 

only one tap node is in Mode 4; other tap nodes are in Mode 2 or 3. The faulty branch can be selected as the 

suspected faulty area of the tap node in Mode 4. However, if a fault occurs on the main line branch LK+1, 

Mode 2 for tap node 2,4,…,K and Mode 3 for tap node K+2, K+4,…,N-2 can be obtained. For example, 

when an A and C-phase to ground fault (ACG fault) occurs on L3 (the seventh row of Table 3), tap node 2 

is in Mode 2, while tap nodes 4 and 6 are in Mode 3. According to Table 1, faulty branch LK+1 can be 

identified by getting an intersection of the suspected faulty areas for each tap node. With reference to the 

last two columns of Table 3, the exact fault point can be accurately located regardless of fault resistance, 

fault type and combinations of multi-terminal multi-section transmission line parameters. 

The effect of variation of fault resistance in the algorithm’s accuracy for four types of faults is shown 

in Fig. 12 (a) with the assumption that the fault occurs on the line section 4
1
Wl  at a distance of 50% from 

junction node 4
1
WJ . It can be easily seen that the proposed fault location algorithm is very accurate for all 

kinds of faults when the fault resistance is less than or equal to 10 Ω. However, fault-location errors for four 

types of faults increase by different degrees with the growth of fault resistance (from 10 Ω to 1000 Ω). 

Besides, a fault with more severe condition can be located with higher fault-location precision. For example, 

the short circuit faults, i.e. BC and ABC faults, can be located more accurately than the ground faults, i.e. 

AG and ACG faults. 

 
Fig. 11. Value of min

2TVE  converges to with an ABC fault (fault resistance = 30 Ω) occurring on section 
2

3
Wl  for four fault-point scenarios: (a) 0.5%, (b) 0.3%, (c) 0.1% and (d) 0.03% away from tap node 2. 
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The effect of variation of fault location in the algorithm’s accuracy for four types of faults is shown in 

Fig. 12 (b) with the assumption that the fault with 100 Ω fault resistance occurs on the line section 4
1
Wl . It 

can be observed that the fault location accuracy is very independent of the fault location. 

Fig. 12 (c) illustrates the influence of the pre-fault loading on the algorithm’s accuracy for AG, ACG, 

BC and ABC faults assuming that the fault with 100 Ω fault resistance occurs on the line section 4
1
Wl  at a 

distance of 50% from junction node 4
1
WJ . The pre-fault loading varies from 0.01 to 5 times its base case value 

(300 MW + 200 MVA). With reference to Fig. 12 (c), the fault-location errors for four types of faults present 

an increasing tendency with the growth of pre-fault loading, but the maximum error under various pre-fault 

loading conditions and different fault types is only 0.027%, which is pretty small. 

The effect of variation of three-phase voltage unbalance factor caused ONLY by the un-transposed 

transmission lines in the algorithm’s accuracy for four types of faults is shown in Fig. 12 (d), with the same 

fault resistance and location assumption as Fig. 12 (c). For un-transposed transmission lines, the self-

impedance and mutual-impedance are obtained by averaging the diagonal and off-diagonal terms of the 

phase impedance matrix respectively [12, 18]. Then, the approximate positive sequence parameters, 

calculated through symmetrical components transformation, can be used to derive the fault location. As 

shown in Fig. 12 (d), the fault-location errors for four kinds of faults increase in different degrees with the 

growth of unbalance factor. For small unbalance factor, i.e. mildly un-transposed lines, the fault-location 

error introduced is insignificant which can still be acceptable. For large unbalance factor, i.e. highly un-

transposed lines, however, the fault-location error can be up to 3% for ABC fault with 0.5% unbalance factor, 

which needs further efforts in the future work. 
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Fig. 12. Effect of (a) fault resistance, (b) fault location, (c) pre-fault loading and (d) three-phase voltage unbalance factor on 
fault-location accuracy. 
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Fig. 13 shows the effect of line parameters inaccuracies on the algorithm’s precision; blue is for low 

error and red is for high error. An AG fault occurs on a point of the line section 4
1
Wl  which is 50% away from 

Table 3 Performance evaluation for different fault conditions 
 

Fault 
Location 

Fault 
Type & 
RF

† (Ω) 

Tap Node 
Mode Faulty 

Branch 
Fault location 
indices (p.u.) 

Error 
(%) 

2 4 6 

2

1

W
l : 5% 

from 2

1

W
J  

AB1 
0.1 

3 3 3 1L  

2

2

2

1

2

3

1.00583

2.63592

W

W

W









0.04991
 0.009 

2

2

W
l : 12% 

from 2

2

W
J  

BG2 
10 

3 3 3 1L  

2

2

2

1

2

3

6.5135

1.19536

W

W

W





 



0.12001  0.001 

2

3

W
l : 21% 

from 2 

ABC3 
2000 

3 3 3 1L  

2

2

2

1

2

3

8.2110

0.4704

W

W

W





 
 
 0.20938

 0.062 

2

2

S
l : 27% 

from 2 

BCG4 
1 

4 3 3 2L  
2

2

1

2

2.2768
S

S




 
 0.27000

 0.000 

2

1

S
l : 33% 

from 2

1

S
J  

CG2 
50 

4 3 3 2L  
2

2

1

2
1.09699

S

S







0.33014
 0.014 

4

1

W
l : 43% 

from 4

1

W
J  

ACG4 
100 

2 3 3 3L  
4

4

1

2
1.35922

W

W







0.42995
 0.005 

4

2

W
l : 51% 

from 4 

AC1 
200 

2 3 3 3L  
4

4

1

2

0.5824
W

W




 
 0.50993

 0.007 

4

3

S
l : 59% 

from 4 

CG2 
500 

2 4 3 4L  

4

4

4

1

2

3

5.3366

0.3494

S

S

S





 
 
 0.59082

 0.082 

4

2

S
l : 64% 

from 4

2

S
J  

ABC3 
3 

2 4 3 4L  

4

4

4

1

2

3

1.4336

1.74898

S

S

S





 



0.63992  0.008 

4

1

S
l : 66% 

from 4

1

S
J  

AB1 
50 

2 4 3 4L  

4

4

4

1

2

3

1.16083

2.36058

S

S

S









0.66077
 0.077 

6

1

W
l : 71% 

from 6

1

W
J  

AG2 
1000 

2 2 3 5L  
6

6

1

2
2.10383

W

W







0.70978
 0.022 

6

2

W
l : 77% 

from 6 

BC1 
10 

2 2 3 5L  
6

6

1

2

0.1496
W

W




 
 0.77000

 0.000 

6

2

S
l : 82% 

from 6 

AC1 
20 

2 2 4 6L  
6

6

1

2

0.1425
S

S





 0.82001

 0.001 

6

1

S
l : 85% 

from 6

1

S
J  

BG2 
1000 

2 2 4 6L  
6

6

1

2
2.07797

S

S







0.84941  0.059 

6

2

E
l : 91% 

from 6

2

E
J  

ABC3 
100 

2 2 2 7L  
6

6

1

2

3.47748
E

E





 0.90999

 0.001 

6

1

E
l : 96% 

from 8 

ABG4 
20 

2 2 2 7L  
6

6

1

2
0.0128

E

E





 

0.95996  0.004 

† fault resistance; 1 line-to-line fault; 2 single-line-to-ground fault;  
3 three-phase fault; 4 line-to-line-to-ground fault. 
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junction node 4
1
WJ with resistance 10 Ω. The maximum fault-location error (equals to 2.42% with -5% line 

parameters inaccuracies in both line branches L2 and L3) demonstrates that the proposed method is not 

sensitive to system parameters. 

 

4. Conclusions 
A novel fault-location technique for multi-terminal multi-section nonhomogeneous transmission lines 

is presented. Basic principles and details of formulation are proposed. By only the derived indices maxTVE  

and minTVE  for each tap node, the faulty line branch can be correctly identified and the considered fault-

location problem is simplified to the two-terminal nonhomogeneous transmission lines configuration. 

Besides, by calculating normalized fault distance for each section on the selected faulty branch, the fault 

section and the exact fault location can be correctly identified. Case studies verify the accuracy and 

robustness of the proposed technique for different degrees of fault resistance, fault type, fault location, pre-

fault loading and line parameters inaccuracies. 
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