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ABSTRACT

Effects of finite ion temperature on the plasma flow in the converging–diverging magnetic field, the magnetic mirror, or equivalently,
magnetic nozzle configuration are studied using a quasineutral paraxial two-fluid MHD model with isothermal electrons and warm magne-
tized ions. The ion acceleration was studied with an emphasis on the role of the singularity at the sonic point transition. It is shown that the
regularity of the sonic point defines a global solution describing plasma acceleration from subsonic to supersonic velocity. Stationary acceler-
ating solutions were obtained and compared with the time dependent dynamics, confirming that the solutions of the time-dependent equa-
tions converge to the stationary solutions and, therefore, are stable. The effects of the ion pressure anisotropy were analyzed using the
Chew–Golberger–Low model and its generalization. It is shown that the mirror force (manifested by the perpendicular ion pressure) enhan-
ces plasma acceleration. The role of ionization and charge exchange on plasma flow acceleration have been investigated.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0088534

I. INTRODUCTION

Plasma flow in the magnetic mirror configuration (magnetic noz-
zle) plays an important role in a number of devices, such as magnetic
mirrors used in fusion research and devices for electric propulsion in
space. In plasma propulsion, the magnetic nozzle configuration is
employed to convert plasma thermal energy into ion kinetic energy,
thus generating thrust.1,2 In open mirror fusion devices, the expanding
magnetic field of the divertor (expander region) is used to spread the
energy over the larger area to reduce the wall heat loads.3 Plasma flow
in the edge region of the divertor tokamak also experiences acceleration
to supersonic velocities due to the combined effects of plasma pressure
and inhomogeneous magnetic field.4–6 Various aspects of plasma flow
and acceleration in the magnetic mirror configurations have been stud-
ied. A general framework of plasma flow and acceleration in the MHD
approximation was formulated in Ref. 7 and subsequently used to study
plasma detachment,8 acceleration mechanisms, and propulsion effi-
ciency.9,10 The role of the magnetic nozzle in the conversion of plasma
thermal energy to supersonic flow was demonstrated experimen-
tally.11,12 MHD models were used to study the supersonic acceleration
in the scrape-off-layer (SOL) of tokamak edge in Refs. 13–15. Ion pres-
sure anisotropy and related mirror force effects on the plasma flow in
the SOL were considered, and the predictions of the isotropic and aniso-
tropic pressure models were compared for specific conditions of the

advanced divertors in fusion systems in Refs. 14 and 15. The emphasis
of this paper is on the role of the sonic point transition in the formation
of the accelerating potential in plasma with anisotropic ion pressure and
including atomic processes, such as ionization and charge exchange.

It is well known that in the quasineutral approximation, ion iner-
tia and finite temperature will result in the appearance of sonic point
singularity at the point where the local ion velocity is equal to the ion
sound speed cs. It has recently been emphasized16 that the conditions
at the sonic point in the nozzle region where the magnetic field has the
maximum are critical for the existence of the smooth accelerating solu-
tion such that the resulting plasma flow is uniquely defined in the
whole converging–diverging region, i.e., in the whole range from sub-
sonic, V < cs, to supersonic, V > cs, velocities. Such smooth accelerat-
ing solution is formed by the ambipolar potential supported by the
electron pressure gradient. Here, we study how the addition of ion
pressure, its anisotropy in particular, the effects of the mirror force,
and some dissipative processes modify the conditions for the forma-
tion of a smooth accelerating potential. These results are of interest for
fusion devices application3,15 as well as for propulsion devices where a
large ion temperature is expected.2

The basic model equations are presented in Sec. II. Section III
discusses general features of the sonic point singularity and ion accel-
eration with finite ion pressure. Plasma acceleration for cold ions is
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reviewed in Sec. IV. Section V presents the results of the solution of
the stationary and dynamic (time-dependent) equations for the base
case with anisotropic pressure. Section VI analyzes modifications due
to the ionization and charge-exchange collisions. The summary and
discussions are presented in Sec. VII.

II. BASIC MODEL

In our model, electrons are considered in the massless isothermal
Te ¼ const approximation,

0 ¼ en
@/
@z
� Te

@n
@z
: (1)

The ions are described by the two-pressure Chew–Golberger–Low
(CGL) model17 in the form

d
dt

pkB2

n3

� �
¼ Sk; (2)

d
dt

p?
nB

� �
¼ S?; (3)

where p? and pjj are the perpendicular and parallel ion pressure,
respectively. The standard CGL model is generalized here to include
the sink terms S?; Sjj due to dissipation related to ionization and
charge-exchange. We consider a problem in the paraxial approxima-
tion so that the total fluid time derivative for ions is d=dt
¼ @=@t þ Vkrk, where Vk ¼ V � B=B is the ion parallel velocity,
rk ¼ b � r ¼ B=B � r, and b ¼ B=B represents a unit vector in the
direction of the magnetic field.

In the paraxial approximation, the ion continuity and momen-
tum equations take the form

@n
@t
þ B

@

@z

nVk
B
¼ Sn; (4)

min
@Vk
@t
þ Vk

@Vk
@z

� �
¼ �en @/

@z
�rp� b � rpþ SV : (5)

The effects of anisotropic pressure are included in the momentum equa-
tion with the anisotropic pressure tensor p ¼ ðpjj � p?Þðbb� I=3Þ;
p ¼ ð2p? þ pjjÞ=3, and where Sn, SV describe the ionization source/
sink effects.

In the context of plasma flow and acceleration along the open
magnetic field lines, the anisotropic MHD equations were considered
in Refs. 18 and 19. Similar equations also follow from the drift-
kinetic20 or gyro-fluid equations.21,22 In simulations of plasma flow in
the SOL tokamak regions, the fluid models with additional source/sink
terms in the density, momentum, and energy equations as well as
model approximations for the heat fluxes and relaxation terms were
used.15 In this paper, our emphasis is on the ion pressure effects; thus,
we use the standard adiabatic CGL equations17 modified with the
model sink terms Sk and S? to model the effects of ionization and
charge-exchange on the ion pressure evolution, cf. Eqs. (2) and (3).

In general, ionization contributes to the density, ion momentum,
and pressure evolution, while the charge exchange affects the ion
momentum and pressure evolution. In the context of fusion and elec-
tric propulsion, the ionization by electron impact is most relevant. The
ionization coefficients depend on the neutral species, neutral density,
electron temperature, and electron density, while charge exchange
coefficients depend on the ions/neutral density and their energy. Thus,

the ionization and charge-exchange effects may have complex profile
dependencies depending on the particular situation and plasma
parameters. In this study, we are interested in the main parametric
trends due to the ionization and charge exchange. Thus, we use a sim-
plified model23,24 where the effects of ionization and charge exchange
are represented by two constant coefficients �1 and �2. The �1 coeffi-
cient corresponds to the ionization, while the �2 coefficient in the ion
momentum equation describes the total effects of ionization and
charge exchange. In this study, we neglect the heat flux effects in the
energy (pressure evolution) as well as any possible ionization heating
terms25 and only the pressure “decay” terms are included with the
same coefficient �2 for pjj and p?. In the expanded form, the full sys-
tem of equations, including ionization and charge exchange effects, is
then written in the form similarly to Ref. 3:

@n
@t
¼ nVk

@ lnB
@z
� Vk

@n
@z
� n

@Vk
@z
þ �1n; (6)

min
@Vk
@t
þ Vk

@Vk
@z

� �
¼ �en @/

@z
�
@pk
@z
þ ðpk � p?Þ

� @ lnB
@z
� �2minVjj; (7)

@pk
@t
¼ pkVk

@ lnB
@z
� Vk

@pk
@z
� 3pk

@Vk
@z
� �2pk; (8)

@p?
@t
¼ 2p?Vk

@ lnB
@z
� Vk

@p?
@z
� p?

@Vk
@z
� �2p?: (9)

We have to note that here we do not consider the plasma source
region but focus on plasma acceleration in the magnetic mirror region,
0 < z < L. Thus, effects of ionization and charge exchange, repre-
sented by the �1 and �2 coefficients in the continuity, momentum, and
pressure equations, are the model approximations for the ionization
and charge exchange effects in the magnetic mirror, while the plasma
source is assumed for z< 0.

Before we proceed with the general case, we consider general
conditions for the existence of accelerating solution and describe
plasma acceleration for cold and warm ions in the absence of ioniza-
tion and charge exchange effects.

III. THE SONIC POINT SINGULARITY AND PLASMA
ACCELERATION

In this section, we consider a general condition for the existence
of the global stationary accelerating solution in the absence of ioniza-
tion and charge exchange but taking into account anisotropic ion pres-
sure. Setting �1 ¼ �2 ¼ 0, for the stationary case, one can obtain from
(1)–(9) the following equation for the ion velocity

M2 � 1�
3pk
nTe

� �
@M
@z
¼ � 1þ p?

nTe

� �
M
@ lnB
@z

: (10)

This equation has to be solved simultaneously with Eqs. (8) and (9) for
p? and pk. In Eq. (10), M ¼ Vk=cs is the plasma velocity Vk normal-
ized to the speed of sound with respect to the electron velocity
cs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe=miÞ

p
. Such normalization is convenient because Te is con-

stant and uniform. It is important to note that for warm anisotropic
ions, the actual sound velocity includes the parallel ion temperature,
vcs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe þ 3TijjÞ=mi

p
. This is reflected in the modification of the

sonic point singularity in Eq. (10), which occurs at a point where
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the ion velocity is equal to the local ion sound velocity,
M ¼ Mcr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3pk=nTe

p
. We note that the expression vcs

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe þ TijjÞ=mi

p
used for sound speed in some papers15,26 is incor-

rect and, thus, misrepresents the location of the transition point.
Equation (10) describes two mechanisms of the ion acceleration:

the electric field and the mirror force due to the perpendicular ion
pressure. The electric field is supported by the electron pressure gradi-
ent in Eq. (1), so this mechanism comes from the electron thermal
energy. The approximation of isothermal electrons used here assumes
an infinite source of electron energy. In practice, electrons can experi-
ence cooling along the flow27,28 and, thus, their temperature is not
constant. Semi-empirically, this can be described by a general poly-
tropic equation of state for electrons, pe � nc. The ion acceleration
due to the electron pressure with c 6¼ 1 was considered previously16

(not included here for simplicity).
An additional contribution to the ion acceleration comes from

the ion perpendicular pressure (energy), manifested by the p? term on
the right hand side of (10), and is the result of the mirror force. As it
will be discussed below, the effect of the ion parallel pressure modifies
the location of the sonic point in Eq. (10) but the impact on the ion
velocity is not significant due to the fast decrease in the ion pressure
related to the decrease in plasma density along the nozzle and strong
density dependence ’n3 in the CGL equation for pjj.

In general, acceleration in the magnetic mirror configuration is
similar to the Laval nozzle acceleration. The ion acceleration by the
electric field is supported by the density drop. In subsonic region, for
M < Mcr , the ion inertia can be neglected and the acceleration occurs
kinematically due to the effective area cross-section decrease as a result
of the magnetic field rise, @ lnB=@z > 0. Effectively, in this regime for
M � 1, the density gradient is small and the acceleration simply fol-
lows from the flow conservation: V�1@V=@z ’ B�1@B=@z, under
constant density.

Equation (10) exhibits the singularity at M ¼ Mcr , the point
where the ion flow resonates with the ion sound mode. A global
smooth accelerating solution can be obtained by regularizing the sonic
point at the point z ¼ zm where @ lnB=@z ¼ 0, which, therefore,
requires the condition����M2 � 1�

3pk
nTe

����
z¼zm
¼ 0: (11)

Expanding the left and right sides of (10) near the singular point
and using Eq. (11), one obtains the expression for the @M=@z deriva-
tive near z ¼ zm :

@M
@z

� �2

¼ �
1þ p?=nTeð Þ 1þ 3pjj=nTe

� �
2 1þ 6pjj=nTe
� � @2 lnB

@z2

����
z¼zm

¼ �
1þ T?=Teð Þ 1þ 3Tjj=Te

� �
2 1þ 6Tjj=Te
� � @2 lnB

@z2

����
z¼zm

: (12)

This expression illustrates that the condition @2 lnB=@z2 < 0, i.e., maxi-
mum of the magnetic field, for z ¼ zm, is required for the existence of a
smooth (regular) solution. Note that condition (12), for @2 lnB=@z2

< 0, also allows the decelerating solution with @M=@z < 0.
Equation (12) shows that there are no regular solutions in the

case of the minimum of the magnetic field suggesting the possibility of
shock solutions. Various dissipative effects, however, may affect the

singularity and allow the flow with @2 lnB=@z2 > 0 at the sonic point.
For example, ionization and charge-exchange modify the regularity
condition as shown below in Sec. VI, Eq. (20). More generally, the sin-
gularities may be resolved by collisional29,30 and finite Debye length31

effects allowing the flows in complex non-monotonic magnetic field
geometries. The finite Debye length effects may also result in forma-
tion of the double layers at the singular points.

IV. THE ACCELERATING POTENTIAL FOR THE CASE
OF COLD IONS

In this section, we overview the case of cold ions providing a sim-
ple illustration of the global properties of the accelerating potential
formed by the converging–diverging magnetic field configuration. For
p? ¼ pk ¼ 0, Eq. (10) can be integrated32,33 resulting in the implicit
equation for the ion velocity in the form

M2

2
� 1
2
¼ �ln BðzÞ

M zð ÞBm

 !
: (13)

Here, Bm ¼ BðzÞ at z ¼ zm and the integration constant was chosen
so the solution becomes regular at z¼ zm whereM¼ 1.

Generally, acceleration of the magnetized plasma in the magnetic
nozzle is analogous to the gas flow in Laval nozzle. It is also similar to
the problem of the solar wind acceleration when the effective nozzle is
created by the spherical expansion and the gravity force.34 The exact
solution for Eq. (13) can be written16 in terms of the Lambert function,
which appears in various fields, including numerous plasma physics
applications.35–37 The solution for spherically expanding solar wind
can also be written with the Lambert function.38

In the limit of BðzÞ=B0 ! 0, from Eq. (13), one can obtain two
asymptotic solutions: M ’ BðzÞ=B0 and M ’ ð�2 ln ðBðzÞ=B0ÞÞ1=2.
These asymptotics correspond to two branches of the regular solution,
respectively, in the converging and diverging parts of the nozzle. The
singularity at M¼ 1, where the ion flow velocity is equal to cs, can be
removed if @ lnB=@z ¼ 0. This condition corresponds to the smooth
matching of two branches in Eq. (13) fixing the value of the velocity
derivative at the sonic point. Expanding Eq. (13) near M¼ 1 gives the
expression for the velocity derivative @M=@z, cf. with Eq. (12)

@M
@z

� �2

¼ � 1
2
@2 lnB
@z2

����
z¼zm

: (14)

Here, for illustration, we consider the magnetic field mirror with
Gaussian profile, BðzÞ ¼ ðBm � B0Þ exp ð�ðz � z0Þ2=ðd2L2ÞÞ þ B0,
giving a mirror ratio R ¼ Bm=BðzÞ ¼ 4 at both ends, z¼ 0 and z¼ L.
Several cases with different widths were considered by changing d, as
shown in Fig. 1(a).

As it is shown in Figs. 1(b) and 1(c), changing the profile of the
magnetic field under the constant mirror ratio modifies the velocity,
density, and potential profiles but the values at z¼ 0 and z¼ L remain
the same. The plasma density is normalized to the value n0 at z¼ 0:
Eq. (13) shows that the local value of the plasma velocity is defined by
the local value of the magnetic field. It is important to note that this
solution has a global character defined by the regularization condition
at the sonic point, Vk ¼ cs, which for cold plasma occurs at the point
of the maximum magnetic field, where @ lnB=@z ¼ 0. The condition
for the regular (smooth) solution at the sonic point defines the velocity
derivative at this point, therefore fixing the velocity profile globally.
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Changing the values of the mirror ratio R modifies the velocities at
z¼ 0 and z¼ L, but the value at the maximum z ¼ zm remains equal
to cs, as shown in Fig. 2. Note that different values of the mirror ratio
were considered by changing the value of both d and B0. The values of
d were adjusted as to ensure that the magnetic field with different R
values would overlap at z=L ¼ 0:5, i.e., to have the same derivative
@Vjj=@z at z¼ zm. An increase in the mirror ratio leads to the decrease

in the initial velocity M0 � Mð0Þ < 1 and an increase in the exit
velocity at z¼ L, ML � MðLÞ > 1. The plasma velocity at the nozzle
exit only depends on the mirror ratio R (regardless of the details of the
magnetic field profile) and has weak logarithmic divergence for
R� 1.

V. EFFECT OF THE ANISOTROPIC ION TEMPERATURE
ON PLASMA FLOW

In this section, we present the global regular solutions for plasma
flow with finite (and anisotropic) ion pressure for the magnetic field
profile similar to the C-2U device3,39 shown in Fig. 3. The global solu-
tions are considered in the region 0 < z < L. The mirror ratios were
Bm=B0 ¼ 8:0 and Bm=Br ¼ 20:0 at the left, z¼ 0, and the right, z¼ L,
ends of the nozzle, respectively. The magnetic field setup is described
in more detail in the Appendix. The left side of the simulation region
represents the transition to the plasma source at z< 0.

The magnetic geometry used in this paper considers only one
side of a typical magnetic mirror system such as C-2U. This region has
to be matched with the central source (plasma production and heat-
ing) region. Similar configurations are used in propulsion applications
with the mirror only on the one side. It is assumed in our study that
the source region is at z< 0. An important result of our study is the
observation that plasma velocity is fixed globally by the condition at
the singular point so that the value of the velocity at z¼ 0 cannot be
arbitrary. The matching of the accelerating region (as studied here)

FIG. 1. Acceleration of cold ions in the magnetic field with a mirror ratio R ¼ Bm=Bð0Þ ¼ 4; Bð0Þ ¼ BðLÞ. The axial profiles for (a) magnetic field, (b) Mach number, (c)
plasma density, and (d) electrostatic potential, for different values of the magnetic mirror width d.

FIG. 2. Plasma velocity profiles for different values of the mirror ratio.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 29, 052507 (2022); doi: 10.1063/5.0088534 29, 052507-4

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


with the source region is outside of the scope of this paper. However,
some comments are provided in Sec. VII.

The numerical solution of stationary equations (10) and (1)–(9)
is obtained by the integration from the proximity of the sonic point,
zm=L ¼ 0:5, in both z < zm and z > zm directions. The initial condi-
tions for the parametersM, n, pk, and p? are obtained from the Taylor
series expansion near z ¼ zm. Across the entire nozzle, electrons were
assumed to be isothermal with Te ¼ 200 eV. At the left end of the noz-
zle, it was assumed that Tik0 ¼ Ti?0 ¼ 200 eV with the density
n0 ¼ 1:0� 1019 m�3; however, all results can be represented in
dimensionless units by being normalized to their respective values at
z¼ 0. The shooting method was used to achieve the final solution with
isotropic ion pressure, Tik0 ¼ Ti?0 ¼ 200 eV at the left end of the noz-
zle, which corresponds to the beginning of Region A in Fig. 3.

Similarly to the case of cold ions, plasma acceleration occurs in
the regions with the finite gradient of the magnetic field. The perpen-
dicular ion pressure enhances the ion acceleration according to Eq.
(12). The parallel ion pressure shifts the sonic point, which is now
defined by Eq. (10). However, the parallel pressure decreases fast with
distance, so the effects of the finite parallel pressure on the location of
the singular point is weak for our parameters.

An interesting observation that can be seen from Fig. 4(b) is
that for a finite ion temperature, there is a region where the density
is increasing with distance, contrary to the case of cold ions, where
the density is always monotonically decreasing in regions of the
non-constant magnetic field. A similar behavior is observed for the
potential, with the small increase with distance being displayed in
Fig. 4(f).

The perpendicular plasma pressure follows the increase in the
magnetic field B related to the conservation of the adiabatic invariant
as Ti?ðzÞ=BðzÞ ¼ const. The dependence of Ti?;Tijj on B(z) is shown
in Fig. 4(e). The decrease in Tijj in the outer region is related to strong
plasma density dependence n3 in the CGL equation of state for pjj and
density decrease due to plasma acceleration.

The perpendicular ion temperatures Ti?0 ¼ 200 eV were
changed to study the effect of perpendicular temperature at the nozzle
entrance z¼ 0. Three additional cases were studies with Ti?
¼ 400 eV; Ti? ¼ 100 eV, and Ti? ¼ 50 eV, while Tik0 ¼ 200 eV and
Te ¼ 200 eV remained the same. For the initial anisotropic ion

pressure state at z¼ 0, the finite perpendicular ion temperature
increases the velocity of the accelerated ions as shown in Fig. 5 and dis-
played in Table I.

Plasma temperatures can be lower in some laboratory devi-
ces,40 e.g., Te ¼ 10 to 30 eV and Ti ¼ 0:5 to 3 eV. The ion tempera-
tures with Ti � Te will resemble the profiles of the cold ion case.
Since the speed of sound cs has been normalized as cs ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
Te=mi

p
,

the lower values of Te will result in a lower absolute values of the
velocities. The ion temperature profiles will qualitatively remain
similar, e.g., as in Fig. 4.

Steady-state solutions of stationary equations obtained by the
shooting method were compared with the time-dependent solutions
obtained as a solution of the initial value problem for Eqs. (6)–(9), pre-
sented in the Appendix with additional details. We have verified that
the solution of the time-dependent equations converge well to the sta-
tionary solution obtained by the shooting method, as shown in Figs.
4(a)–4(d). The characteristic time was tc ¼ L=cs ¼ 4:0� 10�5 s, and
each time interval was given as a multiple of tc. Each time step in the
simulation was equivalent to 1:0� 10�5tc. The evolution of the time-
dependent problem toward the stationary solution is shown in Fig. 6
for the successive moments in time t1 < t2 � � � < t5 with the lowest
t1 ¼ 6:0� 10�2tc and the stationary solution value being reached at
t ¼ 2:4tc. This exercise demonstrates that the stationary accelerating
solutions are stable and, therefore, dynamically accessible in the initial
value problem.

VI. IONIZATION AND CHARGE-EXCHANGE EFFECTS

In this section, we consider the ion flow taking into account ioni-
zation and charge-exchange effects. These effects are important in
fusion applications due to presence of neutrals in the mirror region.
Effects of neutrals were also considered in propulsion applica-
tions.40–42 Depending on the application, neutral density and, there-
fore, ionization and charge-exchange coefficients may vary in a rather
wide range.3,39,40,43 To estimate possible effects at various conditions,
here we use a generic form of the sink terms Sk and S? with various
values of �1 and �2 in normalized form �02 ¼ �2L=cs; �01 ¼ �1L=cs
from low to large values. We have used the values of L ¼ 4m as the
length of the nozzle and cs ¼ 9:78� 104 m=s as the speed of sound39

giving for �01 2 ½10�2;…; 0:5	 and �02 2 ½0:1;…; 2	 with the dimen-
sional values of �1 2 ½245 s�1;…; 1:22� 104 s�1	 and �2 2 ½2:45
�103 s�1;…; 4:9� 104 s�1	, respectively. The ionization and charge-
exchange coefficients are �1 ¼ bizNg and �2 ¼ bcxNg , where Ng is the
density of neutral atoms, and typical rates44 biz ¼ 3:1� 10�14 m3 s�1

and bcx ¼ 6:18� 10�14 m3 s�1. For our parameters above, it gives for
the values in the range �1 2 ½245 s�1…1:22� 104 s�1	, the neutral
density Ng 2 ½7:8� 1015 m�3…3:8� 1017 m�3	, and for �2
2 ½2:45� 103 s�1…4:9� 104 s�1	—the values Ng 2 ½4:0� 1016 m�3

…7:9� 1017 m�3	. Note that at lower boundaries of these values,
the collisional effects are not significant. Therefore, our parameters
cover a wide range of typical densities observed in experiments39

and also extend to the low collisionalities typical for space propul-
sion applications. It should be noted, however, that generally in
applications, the density of neutral atoms is not constant while we
assumed the constant and uniform profile. Therefore, our results
should be understood as a parametric study toward revealing the
main trends.

FIG. 3. Magnetic field of the mirror configuration as in Refs. 3 and 39.
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For the applications in Ref. 39, the lowest value of the ion cyclo-
tron frequency is xci ¼ 7:3� 106 rad s�1 remaining larger than the
collisional frequencies, xci � ð�1; �2Þ; therefore justifying the use of
the MHD approximation and assumption of magnetized ions. The
problem of detachment8,45 that occurs for space propulsion applica-
tions with lower values of the magnetic field is not considered in our
paper.

In the dimensionless form, the stationary equations describing
ion dynamics have the form

@n
@z
¼ n

@ lnB
@z
� 1
M
@M
@z
þ �1
M

� �
; (15)

@pk
@z
¼ pk

@ lnB
@z
� 3
M
@M
@z
� �2
M

� �
; (16)

@p?
@z
¼ p? 2

@ lnB
@z
� 3
M
@M
@z
� �2
M

� �
; (17)

FIG. 4. Stationary solutions profiles for the case of Tik0 ¼ Ti?0 ¼ 200 eV: (a) Mach number, (b) plasma density, (c) parallel pressure, (d) perpendicular pressure, (e) ion tem-
peratures, and (f) electrostatic potential. Both solutions of stationary equations (obtained by shooting methods) and time-dependent initial value problem are shown in (a)–(d).
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M2 � 1�
3pk
n

Tik0
Te

� �
@M
@z
¼� 1þ p?

n
Ti?0
Te

� �
M
@ lnB
@z

þ
pk
n

Tik0
Te
�M2

� �
�2 � �1; (18)

/ ¼ Te=e ln
n
n0

� �
: (19)

The plasma parameters here are normalized to their respective values
at the left end of the nozzle such that n0 ¼ n=n0; p0k ¼ pk=
pk0 ; p

0
? ¼ p?=p?0 ; T

0
ik
¼ Tik=Te; T 0i? ¼ Ti?=Te; z0 ¼ z=L, and t0

¼ cst=L. For the sake of convenience, all the primes on parameters
will be dropped and it will be assumed that n, pk; p?; Tik; Ti?, �1, �2,
z, and t represent normalized quantities.

Additional terms in Eq. (18) due to the ionization and charge-
exchange effects modify the regularization condition at the sonic point.
The sonic point is still defined by condition 11. However, the location
of the sonic point, where the right hand side of Eq. (18) is zero, is
shifted from the position of the maximum magnetic field at z ¼ zm:
Expanding near the point, where both sides of Eq. (18) equal zero, we
obtain for @M=@z the following equation:

a
@M
@z

� �2

þ b
@M
@z

� �
þ c ¼ 0; (20)

where

a ¼ 2 1þ 6TikS
Tik0
Te

� �
; (21)

b¼ 5TikS
Tik0
Te

�2 þ 3TikS
Tik0
Te

�1 þ 1þTi?S
Ti?0
Te

� �
1þ 3TikS

Tik0
Te

� �1
2

� @ lnB
@z
þ 2 1þ 3TikS

Tik0
Te

� �
�2; (22)

c ¼ 1þ Ti?S
Ti?0
Te

� �
1þ 3TikS

Tik0
Te

� �
@2 lnB
@z2

þ Ti?S
Ti?0
Te

� 1þ 3TikS
Tik0
Te

� �
@ ln B
@z

� �2

� Ti?S
Ti?0
Te

1þ 3TikS
Tik0
Te

� �1
2

� @ lnB
@z

�2 þ �1ð Þ þ TikS
Tik0
Te

�2 þ �1ð Þ�2: (23)

Here TikS and Ti?S are the normalized values of the parallel and per-
pendicular temperatures at the sonic point, which no longer occurs at
z ¼ zm but is shifted to the right. The shift in the location of the sonic
is directly affected by the value of pk that is in turn affected by the val-
ues of �1 and �2. Thus, higher values of �1 and �2 will have a more
profound effect on pk and will indirectly shift the sonic point further
away from its initial position at z ¼ zm. Similar to Sec. V, we obtain
stationary solutions for Eqs. (15)–(19) using the shooting method as
described in Sec. III and compare these solutions with the solution of
the initial value problem given by Eqs. (1)–(9). Again, it has been con-
firmed that time-dependent solutions converge well to the stationary
solutions after some relaxation.

There are several features introduced by ionization and charge-
exchange effects. One is a non-monotonous behavior of plasma
density with the increase due to the ionization, which is especially
noticeable in the region of flat magnetic field before any substantial
acceleration occurs. This behavior is more pronounced for higher ioni-
zation values, as indicated in Fig. 8(d). Related to the density behavior,
the potential also shows a non-monotonous increase in the region to
the left of the maximum of the magnetic field as shown in Fig. 7(e).

Another effect introduced by the dissipative terms is the modifi-
cation of the perpendicular pressure profile so that it does not follow
the increase in the magnetic field. The latter effect is much reduced by
dissipation so the perpendicular pressure profile may become similar
to the parallel pressure with almost monotonous decrease throughout

FIG. 5. Mach number M profiles for Tik0 ¼ 200 eV and different Ti?0 values.

TABLE I. Plasma flow Mach number for different ion temperatures at the nozzle
entrance, z¼ 0, and exit, z¼ L.

Tik0ðeVÞ Ti?0ðeVÞ M0 ML

200 400 2:85� 10�7 6.41
200 200 3:16� 10�4 5.04
200 100 0.01 4.18
200 50 0.06 3.66

FIG. 6. Time evolution of the velocity profile obtained in the time dependent initial
value problem.
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the whole region, and both the parallel and perpendicular pressure
having very similar profiles with Tik and Ti? as displayed in Figs. 7(c)
and 7(d). With the above noted modifications, the resulting velocity
has a significantly larger value at the left boundary, M¼ 0.127, com-
pared with the case in the absence of charge exchange and ionization,
and a lower final acceleration value on the exit side of the nozzle. The
reduction in the final value of acceleration is greater for higher charge-
exchange values as shown in Fig. 7(a) but also in the case of ionization
alone as shown in Fig. 8(a). One has to note also that the presence of

the dissipative terms due to the ionization and charge-exchange results
in the shift of the position of the sonic point so it is no longer at the
magnetic field maximum, as described by Eq. (20).

The effect of charge-exchange has been further studied for vari-
ous values of �2 as shown in Table II and Figs. 7(a)–7(e). In Table II,
the values of M0 and ML represent the value of the Mach number at
the z=L ¼ 0 and z=L ¼ 1 ends of the nozzle, respectively. Further
increase in �2 results in the non-monotonous behavior of the plasma
velocity in the outer region, namely, Region C, where the magnetic

FIG. 7. Stationary solutions for the cases with constant ionization �1 ¼ 0:1 and different values of charge-exchange �2 for (a) Mach number, (b) plasma density, (c) parallel
pressure, (d) perpendicular pressure, and (e) electrostatic potential.
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field is almost flat, between z=L ¼ 0:8 and z=L ¼ 1, see Fig. 7(a).
The width of the region with the density increase in the left side of the
mirror is also increasing with �2 as shown in Fig. 7(b). The characteris-
tic increase in the perpendicular pressure so well pronounced for
�2 ¼ �1 ¼ 0 is smoothed out by finite values of �2 and eventually dis-
appears for large values of �2 as shown in Fig. 7(d). A similar behavior
is observed for pk and p? when only ionization is present, with the
decrease being more pronounced for higher values of �1 as shown in
Figs. 8(b) and 8(c), respectively. An interesting observation is that the
density curve corresponding to �2 ¼ 0:35 is below the curve corre-
sponding to �2 ¼ 0:1 in the Region A where the magnetic field is

constant. A larger charge-exchange value would result in a greater
drag force on the ions, reducing the Mach number and resulting in a
higher plasma density. It could be possible that when the rate of ioni-
zation is equal to the rate of charge-exchange, as is the case for
�1 ¼ �2 ¼ 0:1, the neutrals that formed in the region of the constant
magnetic field as a result of charge-exchange are themselves ionized,
thus enhancing ionization and resulting in a greater increase in plasma
density. The same effect is seen for the parallel pressure in Fig. 7(c),
and this effect is likely a result of the behavior of the plasma density.
The reduction in the velocity at the exit side, corresponding to the end
of Region C, is consistent with the lower overall drop in the electro-
static potential as shown in Fig. 7(e) and displayed in Table II.

VII. DISCUSSION AND CONCLUSIONS

The flow of plasma in a magnetic nozzle was studied in the para-
xial approximation using the fluid MHD model with fully magnetized
ions and anisotropic pressure. Stiffness of the global acceleration pro-
file, which is fully defined by the regularization condition at the
sonic point, is one of the most important results of this manuscript.
The unique accelerating solution starts with a finite (and fixed) value
Vjj < cs at the entrance of the magnetic mirror. This solution contin-
ues through the sonic point Vjj ¼ cs to the diverging region where the
ion velocity becomes supersonic. Plasma acceleration occurs as a result
of an ambipolar electrostatic potential drop formed in the magnetic

TABLE II. Plasma Mach number and electrostatic potential for constant ionization
�1 ¼ 0:1 and different values of charge-exchange �2.

�2 M0 ML ðe/=TeÞ0 ðe/=TeÞL
0 7:5� 10�3 3.32 0 �4.77
0.1 0.024 3.217 0 �4.6
0.35 0.054 2.981 0 �4.21
1.0 0.071 2.564 0 �3.83
1.44 0.077 2.348 0 �3.77
1.85 0.127 2.145 0 �3.71

FIG. 8. Stationary solutions for the cases with constant charge-exchange �2 ¼ 0 and different values of ionization �1: (a) Mach number, (b) parallel pressure, (c) perpendicular
pressure, and (d) plasma density.
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mirror, converting finite plasma pressure into the ion kinetic energy. We
have shown that the finite perpendicular ion temperature increases the finite
ion velocity in the exit region due to the effect of the mirror force. The finite
(accelerated) value of the plasma velocity is defined by the electron and ion
temperatures and the magnetic mirror aspect ratio. It is important to note
that CGL theory is collisionless, and the additional ion acceleration due to
the perpendicular pressure is a result of themirror force.

In many applications, plasmas are collisionless but coupling of
plasma flow with neutrals was noted as an important factor for some
fusion3,24 and plasma thruster applications.41,46,47 We have studied how
the ionization and charge-exchange processes re-form the accelerating
potential impeding the plasma flow. We have shown that the ionization
and charge-exchange shift the position of the sonic point from the maxi-
mum magnetic field, reduce plasma acceleration, and may result in
non-monotonous behavior of plasma density and electrostatic potential.

We have obtained solutions of stationary equations with the
shooting method. We have also performed simulations of time-
dependent equations as an initial value problem, therefore proving the
stability of the obtained stationary solutions.

Similarly to Refs. 48 and 49, our model is a paraxial approxima-
tion, which considers the radial variations only in the main order.
Though such one-dimensional models are often a good approximation
for a full two-dimensional dynamics,33 two-dimensional effects are
expected to be important9 for large diameter systems.

In general, ion kinetic effects are important for low density colli-
sionless plasma as in Refs. 3 and 39. One of the related limitations of the
current study is the use of the standard collisionless two-pressure CGL
model, which neglects the ion heat fluxes. Further work is required to
include heat fluxes either with extended two-pressure models and/or
with full kinetic theory.49,50 It is expected that the addition of heat fluxes
will result in flattening of the parallel and perpendicular temperature
profiles along the entire magnetic nozzle, thus resulting in higher Mach
number at the exit point. These effects require further studies. It would
be interesting to implement kinetic closures21 for the heat flux as pro-
posed in Refs. 19. The kinetic ion model would also be required to
describe the possible ion trapping and demagnetization effects for very
low values of the magnetic field in the expander region. We have
assumed fully magnetized ions and did not consider the detachment
problem, which may not be critical for fusion application, but would
need to be analyzed for space propulsion applications.45

It is expected that electron cooling and trapped electrons in the
region of the diverging magnetic field (expander) are important.48,51,52

Here, we have focused on ion dynamics and for simplicity assumed
isothermal Boltzmann electrons. Effects of general polytropic equation
of state for electrons with c 6¼ 1 can be included similarly as in Ref. 16.

The obtained global solutions do not allow for arbitrary values of
plasma velocity at the entrance point of the mirror region and also fully
determine the plasma velocity at the mirror exit (fixed by the mirror
ratio). The uniqueness of the accelerating solutions will, therefore, pro-
vide the constraints on the matter and energy outflow through the mag-
netic nozzle (mirror). These effects were not previously considered
either in the context of open mirror or propulsion applications. These
results raise interesting questions of how the plasma solutions in the
source region can be matched to the mirror. Such a solution will require
the full analysis of the matter and energy balance, in particular, electron
and energy fluxes. Neither of fluid model approximations used here,
such as isothermal electrons with infinite electron heat conductivity, nor

the ion CGLmodel, which neglects the ion heat fluxes are fully adequate
for this purpose. Collisionless regimes of interest for most applications
also require kinetic analysis. The adjustment (matching) of the plasma
source with the magnetic nozzle constraints will occur via partial particle
reflections and particle mixing in the source (that have to be described
kinetically), possibly enhanced, in part, by non-stationary fluctuations
that will occur in regimes when stationary fluid solutions do not exist. It
is expected that, in general, the magnetic nozzle constraints discussed in
this paper will reduce plasma losses through the mirror compared to the
standard estimates based on the collisional transitions between trapped
and passing (loss cone) regions.29 The particle reflections and mixing
will likely smooth out the non-monotonous features in the potential
that exist in fluid models in some regimes, thus increasing the plasma
density in the confinement region. The kinetic analysis of such effects is
outside of the scope of the present paper and is left for future studies. It
is also important to note that additional drag due to interactions with
neutrals (such as charge-exchange interactions) can increase the total
thrust and, thus, be beneficial for the electric propulsion applications as
shown experimentally and theoretically.40,42
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APPENDIX A: MAGNETIC FIELD PROFILE

To study the effects of finite ion temperature, we employed a mirror
magnetic field. To simplify numerical calculations, the magnetic field was
described by three different functions in regions A, B, and C: the region

A, from z0 ¼ z=L¼ 0 to z0 ¼ 0.33, with BAðz0Þ ¼ 0:5e�84ðz
0�0:5Þ2 þ B0;

B0 ¼ 0:067 (T); the region B from z0 ¼0.33 to z0 ¼0.77

with BBðz0Þ ¼ Bmð0:13Þ3=ðð0:13Þ2 þ ðz0 � zmÞ2Þ
3
2Þ; where Bm

¼ 0:5365ðTÞ is the magnetic field at the maximum at z0 ¼ zm; the
regions C from z0 ¼ 0.77 to z0 ¼ 1 with BCðz0Þ ¼ 0:55e�51ðz

0�0:5Þ þ Bl;
Bl¼ 0.0268 (T). The functions BAðz0Þ; BBðz0Þ, and BCðz0Þ are chosen to
have B and dB/dz continuous across the boundaries A–B and B–C.

APPENDIX B: TIME-DEPENDENT EQUATIONS

The solutions of the stationary equations were verified with
the initial value simulations of the time-dependent equations. In the
absence of charge-exchange and ionization, they have the following
form:
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Here, with the exception of Tik0; Ti?0, and Te, all quantities are
expressed in dimensionless units. The diffusive coefficients a had
the following values: a1 ¼ 5:0� 10�6; a2 ¼ 5:0� 10�6; a3 ¼ 5:0
�10�6, and a4 ¼ 1:0� 10�9.

Note that while the profiles of the density and pressure are
fully determined by the global solution, the absolute values have
free normalization parameters. Plasma parameters are normalized
to their respective values at the left end of the nozzle such that
n0 ¼ n=n0; p0k ¼ pk=pk0 ; p

0
? ¼ p?=p?0 ; T

0
ik
¼ Tik=Te; T 0i? ¼ Ti?=Te;

z0 ¼ z=L, and t0 ¼ cst=L. (For the sake of convenience, all the
primes on parameters will be dropped and it will be assumed that n,
pk; p?; /; Tik; Ti?, z, and t represent normalized quantities.)

The values for the diffusion coefficients a were small in com-
parison with the other terms in the equation, and thus, their addi-
tion did not affect the physics of the problem. For instance, for a
value of a ¼ 5:0� 10�6; M ¼ 3:179� 10�4, and L¼ 4, the condi-
tionM=L ¼ 7:95� 10�5 � a=L2 ¼ 3:13� 10�7 holds.

When ionization and charge-exchange effects were included in
the model, the time-dependent equations had the form

@n
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¼ nM
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@z
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The diffusion coefficients b were dimensionless and had the
following values: b1¼ 1:0�10�3; b2¼ 6:0�10�3; b3¼ 9:9�10�4,
and b4¼ 1:0�10�4.

Similar to the values of a, the values of b were small and did
not affect the physics of the problem. For instance, for b ¼ 1:0
�10�3, M¼ 0.127, and L¼ 4, the condition M=L ¼ 0:032
� b=L2 ¼ 6:25� 10�5 is true and the addition of the parameters b
did not affect the physics of the problem.

The time-dependent equations describing the flow of plasma
were solved in BOUTþþ. In the BOUTþþ simulations, pk was

displaying oscillatory behavior in region A of the nozzle. These
oscillations were damped as t increased, and the time-dependent
value of pk approached the stationary solution value.
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