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Abstract—The transverse electron current due to the crossed electric and magnetic fields results in the robust
instability driven by the electron E × B drift. In the regime of interest for electric propulsion applications, this
instability leads to the excitation of quasicoherent nonlinear wave resulting in the anomalous electron transport. We investigate the nonlinear stage of the instability and resulting anomalous electron current using nonlinear Particle-in-Cell simulations. It is found that the anomalous current is proportional to the applied electric field thus demonstrating constant anomalous mobility. Moreover, the scaling of the current density follows the dependence of the dominant resonance wavelength on the electric and magnetic field strength thus
clearly demonstrating the cyclotron nature of the instability.
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1. INTRODUCTION
The current perpendicular to the confining magnetic field is a source of strong instabilities that have
been studied in various applications [1, 2], in particular, in E × B devices for plasma acceleration [3, 4]. The
mechanisms of the electron transport in such devices
for electric propulsion and similar magnetron systems
for material processing are still poorly understood.
Recently, this problem has again generated much
attention due to interest in new regimes of Hall thrusters [5] and magnetrons [6, 7]. In the fluid limit, the
instabilities due to density gradients, E × B drifts and
collisions were studied in various conditions [8–16].
Another mechanism exists due to the resonance at the
electron cyclotron frequency, ωce , shifted by the E × B
drift, vE : ω − k vE − mωce = 0, where ω is the frequency, k is the wave-vector, and m is the number of
the resonance). This instability has been studied under
different names [2, 17–20]. Here, we adopt the name
Electron-Cyclotron-Drift Instability (ECDI) emphasizing the cyclotron resonance features which remain
pronounced even in the nonlinear stage. This instability does not require plasma or magnetic field gradients, nor collisions and can be dominant in the
regimes of strong electric field. It was studied previously in application to the problem of anomalous

resistivity in collisionless shock waves in space and
turbulent heating [21–25]. It was also pointed out that
this instability can be relevant to E × B Hall accelerators [2, 20].
In the setup relevant to electric propulsion, the
ECDI instability is driven by the E × B electron current, so that the unstable waves propagate in the same
direction along the E × B electron drift, which is the
azimuthal direction of the Hall thruster with the radial
magnetic, B, and axial electric, E, fields—see Fig. 1a.
The resulting fluctuations of the azimuthal electric
field E θ produce the axial displacement of electrons
and the net axial anomalous current. In geometry of a
cylindrical magnetron discharge, the magnetic field is
in the axial direction, the electric field is radial, so that
the E × B as well as the fluctuations of the electric field
are azimuthal, and the resulting anomalous transport
is in the radial direction—see Fig. 1b. The direction of
the anomalous transport due to particle displacements
in the fluctuating electric field is not resolved in the
1D2V Particle-in-Cell (PIC) simulations, but this displacement can be tracked and measured thus giving
the value of the anomalous transport due to turbulence
[5, 26, 27].
The ECDI is related to the ion-sound instability
and under certain conditions becomes similar to the
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Fig. 1. Configurations of crossed electric and magnetic fields and used coordinate systems in (a) Hall thruster and (b) cylindrical
magnetron discharge.

ion sound mode in unmagnetized plasma driven by the
relative flow between electron and ion components, so
that in some papers it has been called as a modified ion
sound instability [2, 28]. A number of recent works
[26, 27, 29–31] have interpreted the results of the Particle-in-Cell simulations of the ECDI in regimes relevant to Hall thrusters by using quasilinear expression
for the electron transport in the form Γ z = c nE
  θ /B
(c is the speed of light), while assuming that the phase
shift between density, n , and electric field fluctuations
can be determined as for the unmagnetized ion-sound
turbulence in which the only role for the magnetic
field is to maintain the electron beam due to the E × B
drift. In such theory, the growth rate as in unmagnetized plasma is used with a maximum at the azimuthal
wave-vector of the order of the inverse of the electron
Debye length, with a full absence of the cyclotron
effects.
In our previous work [32] we have found that the
assumption of unmagnetized ion-sound turbulence is
not applicable for ECDI in typical conditions of the
Hall thruster and ECDI retains essential features of
the magnetized mode such as the instability drive at
the electron cyclotron resonances: the discreet resonances at ω − k vE − mωce = 0 remain clearly pronounced both in the mode growth rate as well as in
nonlinear anomalous current. We have also found that
the anomalous axial transport is much above the
  θ /B estimate.
Γ z = c nE
In this paper, we further study the ECDI instability
and anomalous transport in one-dimensional nonlinear PIC simulations by incorporating the virtual axial
length model. In one-dimensional simulations with
externally applied electric E 0 and magnetic B0 fields,
the periodic region along E 0 × B0 is resolved. It is the
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same direction for the induced fluctuations of the
 . The latter cause the electron displaceelectric field E
 × B , which is the direction of the exterment along E
0
nal electric field E 0. Therefore, anomalous electron
transport along the E 0 is accompanied by strong heating due to energy gain from E 0 . In one-dimensional
simulations with periodic boundary conditions in the
azimuthal direction, particles may experience shift
along E 0 multiple times resulting in unbound heating
in absence of any energy sinks. The virtual axial length
model was proposed to circumvent the above problem
[5]. In such a model, the net particle displacement in
the axial direction is tracked and the particle is
removed and replaced with another (cold) particle
when the displacement exceeds some length. The
choice of the length is dictated by the length of the
acceleration region in the Hall thruster, which is of the
order of 1–2 cm. This model effectively describes the
removal of hot particles from the acceleration region
and supply of freshly ionized cold particles instead.
With this model, we investigate the features of the
ECDI instability and its saturation. One of the goals is
to investigate the nature of the instability and presence
of resonance (cyclotron) effects. We also study the
scaling of the anomalous transport with electric and
magnetic fields, and plasma density.
2. LINEAR THEORY OF THE ECDI
Linear theory of the electron-cyclotron drift instability (ECDI) is well described [2, 17]. Here we summarize the linear model in slab geometry to fix the
assumptions and our notations. We consider plasma in
the crossed electric and magnetic fields, the external
electric field E 0 = E0ˆz is in the axial direction, while
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the magnetic field B0 = B0 xˆ is in the radial direction of
the Hall thruster.
The ions are considered unmagnetized, while the
magnetized electrons are subject to the drift in the
y-direction (the azimuthal direction): v 0 ≡ v E =
cE0 /B0 yˆ . The linear dispersion relation can be presented in the form 1 + ei + ee = 0 , where ee and ei are
the electron and ion susceptibilities. The response of
cold unmagnetized ions is ei = −ω2pi /ω2 , where ωpi is
the ion plasma frequency. The electron part is

 ω − k ⋅ v 0 ∞ −b
e Im ( b )
ee = 21 2 1 +
2k x vTe m =−∞
k λD 
 ω − k ⋅ v 0 + mωce 
×Z
 .
2k x vTe
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Here, k ≡ k = k x2 + k y2 , where k x and k y are the
components of the wave-vector k along the magnetic
field and in the periodic E × B direction, b = k 2ρ2e ,
2
ρ2e = vT2e /ω2ce , vT2e = Te /me , λD
= Te /(4πe 2n0 ), Te is the
temperature of electrons, me is the mass of electrons,
e is the elementary charge, n0 is the equilibrium
plasma density, Z (ξ) is the plasma dispersion function, I m( x) is the modified Bessel function of the
1st kind.
The solution of the linear dispersion equation (1)
was discussed in many papers, e.g., [17, 20, 33, 34].
Here we show the solution from [35], Fig. 2. For small
values of the wave-vector along the magnetic field, the
growth rate of the instability appears as a set of discreet
modes near the resonances ω − k vE = mωce . In the
cold plasma limit, this instability reduces to the reactive Buneman instability [36] as discussed in [35].
Another long wavelength mode occurs for a finite
value of k x along the magnetic field, the so-called
modified Buneman two-stream instability (MTSI).
However, at the finite electron temperature, when
k x vTe > ωce , the instability is transformed into the ion
sound type mode driven by the inverse Landau damping on the electron E × B beam flow. This is named a
modified ion sound instability [2, 28]. The typical picture of the mode growth rate is shown in Fig. 2, where
for small values of k x one has the sharp resonant peaks,
and for larger k x , the resonances overlap resulting in
the much slower growth rates described by the unmagnetized dispersion relation which predicts the continuous growth rate with a maximum γm =
ωpi π/54vE /vTe , at k y = km = 1/ 2λD with the real
part of the frequency ωm = ωpi / 3 in the ion frame
[27, 37]. In this limit, no effects of the cyclotron resonances are present. The overlap of resonances may
also occur due to nonlinear effects and collisions. The
question whether the instability indeed becomes of the
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Fig. 2. The linear growth rate of the ECDI, from Eq. (1),
for various values of the wave-vector along the magnetic
field. The regime of unmagnetized ion-sound instability
corresponds to k x λD = 0.08. Reprinted with permission
from [35].

ion-sound type as in the unmagnetized plasma, or
persists as a cyclotron driven mode, remains a long
standing problem [18, 38, 39] in the theory of current
driven turbulence in the magnetic field.
3. ECDI INSTABILITY AND ANOMALOUS
ELECTRON CURRENT IN NONLINEAR
PARTICLE-IN-CELL SIMULATIONS
As noted above and illustrated in Fig. 2, in the linear theory, for a sufficiently large value of the wavevector along the magnetic field, the ECDI instability
becomes similar to the ion sound mode in unmagnetized plasma. The collisions can also result in the
overlapping and smoothing out the cyclotron resonances, effectively forcing the instability into the ionsound regime if the electron–neutral collision frequency ν, or the effective frequency due to numerical
noise, is sufficiently high ( ν/ωce ) k 2ρ2e > π/2 . Nonlinear resonance broadening [40] can have similar effect
for sufficiently large amplitude of fluctuations:
−1
2  2
 2
/ (8πn0Te ) > ( k ρe ) [32], where ωpe is the
 ωpe / ωce  E


electron plasma frequency. It remains unclear whether
any of these mechanisms are fully effective and allow
transition of the instability into the unmagnetized
regime so that the effects of the magnetic field can be
neglected in the nonlinear saturated state for parameters of interest for Hall thruster applications.
The differences between the ion sound type turbulence in unmagnetized plasma and in a plasma with
magnetic field were much debated previously in various conditions with many examples that show that
even weak magnetic field, ωce < ωpe , strongly affects
the turbulence [38, 39, 41, 42]. We note that many PIC
simulations relevant to Hall thruster conditions were
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performed in 1D (azimuthal) and 2D (azimuthalaxial) geometry, when the direction along the magnetic field was not included, k x = 0 , and therefore the
linear transition to the ion sound regime was not possible, and the only mechanism for smoothing out of
cyclotron resonances would be the nonlinear broadening.
In our previous one-dimensional simulations, in
nonlinear stage, it was determined that the nonlinear
broadening was not effective and the mode essentially
remained in the cyclotron resonance regime resulting
in a relatively coherent quasi-periodic nonlinear wave.
It was also demonstrated that there is the inverse cascade tendency toward formation of large scale modes
at the length scale of the simulation box [35]. The total
anomalous current was found to be much larger than
the E × B quasilinear estimate Γ z = c nE
  y /B0. These
simulations however have to be limited to relatively
short runs of 1–2 μs due to unbound electron temperature increase, so no true stationary state was
achieved.
In this paper, we employ the virtual axial length
model that provides effective cooling of electrons and
thus allows to reach nonlinear saturation of the electron temperature. With this model, we have performed
a series of one-dimensional simulations of ECDI for
the magnetic field and electric field typical of the
acceleration region for Hall thrusters. The goal of
these simulations is to investigate the parametric
dependencies of the mode characteristics in the nonlinear saturation state, such as wavelength and anomalous current as a function of the electric and magnetic
fields, and plasma density. We have used the implicit
PIC code [43, 44]. This code employs widely used
Particle-in-Cell methodology to solve kinetic equations for ions and electrons in a self-consistent electric
field. The electric field is solved on the fixed grid,
while particles are followed on Lagrangian trajectories, and the kinetic equations are solved by method of
characteristics. The particles charges are interpolated
to the grid, and the electric field is mapped back to the
Lagrangian particles position. This techniques is well
described [45–47], and details of the particular implementation in the EDIPIC are given in [43]. EDIPIC is
an open source code used by several groups in the
world and is available from [44]. The code is electrostatic and includes particle collisions, however for the
simulations in this paper, the collisions were turned
off. The code has been thoroughly tested for various
applications [48], and its most recent 2D version was
benchmarked by several groups for E × B driven instability [49].
We have performed simulations for several values of
the magnetic field B = 200, 100, and 400 G, the electric field E = 5, 10, 20, and 40 kV/m, and plasma density n0 = 1017, 2 × 1017, and 0.5 × 1017 m–3. An azimuthal segment of the length l y = 26.7 mm (along the
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Fig. 3. Propagating ion density perturbations around tce =
25 μs, for the base case plasma parameters: B = 200 G, E =
20 kV/m, and n = 1017 m–3. One can see the large-scale
mode superimposed with the small-scale quasi-coherent
mode.

E × B direction) with periodic boundary conditions
was considered. The plasma was initialized with an
initial temperature Te = 10 eV, the ion atomic weight
was 130. The virtual axial length was lz = 10 mm corresponding to the typical length of the acceleration
region in the Hall thruster. The energy of the electrons
that travelled this distance was changed by a random
choice from the Te = 10 eV Maxwellian distribution;
the positions of the electrons were not changed.
Another method was also suggested [26] where “new”
electrons were similarly randomly cooled down but
their positions were also randomized along the azimuthal direction. This process becomes equivalent to
strong collisions and therefore would introduce too
much distortion in the anomalous transport which is
of our main interest here. Therefore we have not used
it here.
The current version of the EDPIC [44] with an
updated random number generator was used for all
runs. All runs were performed on the same cluster
(Plato at the University of Saskatchewan) to avoid
cross-cluster variations. The spatial grid size was
selected to have 3 points within the Debye length at
Te = 10 eV. The upper limit for the electron velocity
was selected to 12vTe corresponding to the CLF validity up to the electron temperature of 1440 eV. The
number of particles per cell was MPC = 1241. Simulation results are shown in Figs. 3–9.
The typical behavior of the ECDI in nonlinear
regime is similar to what has been observed in [32],
and also recently confirmed in [50]: the instability is
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Fig. 4. Spatial variation of the ion density for different values of the electric and magnetic field at 10 μs. The cases with varied
electric field are for B = 200 G, and the cases with varied magnetic field, are for E = 20 kV/m.

dominated by the m = 1 resonance. This wavelength,
corresponding to the condition k y vE  ωce , appears as
a quasicoherent mode shown in Fig. 3. It is worth noting that in the linear theory higher m modes can have
the larger growth rates and typically start grow first
[32, 35]. However with the increase of the electron
temperature and nonlinear inverse cascade the m = 1
becomes dominant in the nonlinear stage. The large
scale structures, at the length scale of the simulation

box, also appear similarly to [32], as evident in Figs. 3
and 4, as well in Fourier spectra, Fig. 5. The dominant
Fourier modes are marked by vertical lines in Fig. 5,
for corresponding values of the electric and magnetic
fields. The time averaged of these values are shown in
Figs. 8 and 9 as dominant wavelengths.
For the calculation of long time averaged quantities
such as the anomalous current, we chose the range
between 10 and 25 μs shown in Fig. 6, in which the
current and electron temperature are reasonably in
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Fig. 5. The spatial Fourier spectra of density fluctuations
(in arbitrary units) for the snapshot shown in Fig. 4. The
vertical dashed lines mark the wavelength of the maximum
amplitude for this case. The averages of these wavelengths
(over the 10–25 μs time interval) are shown in Figs. 8c, 8d,
and 9b.

stationary state. The time evolution of the electron
thermal energy and anomalous current are shown in
Fig. 6 for the base case parameters. In these figures, a
low pass filtered (1 μs) was applied to show the average
current, however the long time averaged data, as
shown in Figs. 8 and 9, were calculated from raw data
without any filters.
The ECDI instability provides an effective mechanism of the electron heating. As noted above the electrons are initially loaded and further replaced with the
temperature of Te = 10 eV. The electrons are heated in
turbulent azimuthal oscillations of the electric field as
well as due to the anomalous displacement in the
direction along the equilibrium electric field. As follows from Figs. 6a, 8g, 8h, the electron temperature
saturates (for the base case) around 70 eV, which is
higher than the typical values in the Hall thrusters
where sheath boundary and two-dimensional energy
losses (absent in our model) are important. The electron temperature is isotropic in the plane perpendicular to the magnetic field, due to the effective mixing by
the magnetic field. As a matter of fact, the electron
distribution function deviates from Maxwellian [32],
so the values shown in Figs. 6 and 8 are for the particle
kinetic energy.
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Fig. 6. The time evolution of (a) the total thermal energy of
electrons; (b) the net axial current J z , and (c) the J E ×B
current as a function of time for the base case parameters.
The raw and low pass filtered (δt = 1 μs) data are shown.
The vertical dashed lines show the time range used for calculation of the average current and energy reported in
Figs. 8 and 9.

The anomalous current in our simulations is calculated directly from the electron distribution function as



2
J z = −e v z fd v and averaged over the azimuthal direc  y /B0
tion. We also calculate the quantity J E ×B = ce nE
by averaging the fluctuations of the electron density
and axial electron drift due to fluctuations of the azimuthal electric field. The difference between the real
current J z and J E ×B allows us to evaluate the degree of
the electron “magnetization.” The electron velocity is
expected to be close to the drift velocity vE =

cE × B/B 2 when the electron Larmor radius ρe is
much smaller than the fluctuations wavelength
ρe ! λ , and the characteristic frequency is well below
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Fig. 7. The low pass filtered (δt = 1 μs) data of the axial current J z = −e  v z fd 2v and the E × B -current: J E ×B = ce nE
  y /B0 for
different values of the electric and magnetic fields. The difference between the J z and J E ×B becomes significant for higher magnetic field and lower electric field, consistent with the scaling of the dominant wavelength λ ∼ E /B 2 : the electron demagnetization is increases for shorter wavelengths.

the electron cyclotron frequency, ω ! ωce . When
these conditions are not met, the electrons become
“demagnetized” and their velocity is different from vE =

cE × B/B 2 . We note that for the base case plasma
parameters, Te  70 eV, B = 200 G, E = 20 kV/m, the
electron Larmor radius, which is of the order of ρe 

1 mm, is somewhat smaller than the mode wavelength, which is of the order of 2 mm at these parameters—see Fig. 8c. As Fig. 7 illustrates, the electrons
are getting “demagnetized” and the difference
between J z and J E ×B increases for stronger magnetic
field and smaller values of the electric field because
the dominant mode wavelength becomes comparable
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lines in (c, d) show the curve λ = 2πvE /ωce .

with the electron Larmor radius, consistent with the
scalings ρe ∼ 1/B and λ ∼ E /B —see also the ratio of
J z /J E ×B shown in Figs. 8e, 8f. Varying the magnitude
of the electric and magnetic field we demonstrate that
the dominate wavelength (averaged over 10–25 μs) is
in almost perfect agreement with the expression
λ = 2πvE /ωce , as shown Figs. 8c, 8d. No dependency
of the wavelength on plasma density, which would be
2
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expected for the ion sound wave, is observed in our
simulations—see Fig. 9b. Similar result was also
reported in [50].
In our simulations, we do observe the formation of
the long wavelength (box-size) structures, as is evident
in Fig. 3 as well as in the spectra in Fig. 5: note the
energy accumulation in the k  2π/L region. Since in
our model we do not have a proper dissipation mechanism for large scale structures (no energy sink at the
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Fig. 9. The scaling of the anomalous current and the wavelength of the dominant mode as a function of plasma density.

box size length scale), we do not expect that large scale
structures will reach a stationary state, but rather complex intermittence of large scale and small scale fluctuations is expected. The complex problem of intermittency and dynamics of large scale structures is not
considered in our paper. Therefore, we limit the simulations to the time before the long wavelength structures start to dominate the turbulence. For longer simulations, we have observed sudden transitions into the
state where a single long wavelength mode becomes
dominant; typically such a transition is accompanied
by large increase in anomalous current. Such regimes
are not considered here.
The scaling of the anomalous current with the electric and magnetic fields is one of the most important
result of our study. The anomalous current shown in
Fig. 8a shows consistent linear scaling with the constant anomalous mobility, J z = σan E z . Another result,
shown in Fig. 8b, is the inverse dependence of the current with square of the magnetic field, which therefore
follows the wavelength scaling, J z ∼ λ ∼ 1/B 2. The
latter scaling can also be seen in Figs. 8c, 8d, thus
demonstrating that long wavelength modes provides
larger anomalous transport. The current density shows
the expected linear scaling with plasma density,
Fig. 9a. It is also important that the dominant wavelength is independent of plasma density, as shown in
Fig. 9b, contrary to the expectation for unmagnetized
ion-sound turbulence, where the most unstable mode

4. SUMMARY
A series of one-dimensional simulations of nonlinear ECDI were performed to study the saturation of
the instability and the scaling of the resulting anomalous electron current with plasma parameters. Here we
have used a virtual axial length model which allows to
properly include the finite particle residence time in
the acceleration region. Our simulations confirm the
quasi-coherent nature of the instability in the nonlinear stage, with the dominant nonlinear wave length
determined by the m = 1 resonance, ω ! k y vE  ωce .
Similar to our previous results [32] we also observe
nonlinear generation of long wavelength modes via the
mechanism similar to the modulational instability
[51]. An interesting, and somewhat unexpected result,
is the linear scaling of the anomalous current with the
electric field thus demonstrating a constant anomalous mobility (independent of the electric field). Variation of the electric and magnetic fields show that the
anomalous current scaling follows the behavior of the
dominant wavelength. These results clearly demonstrate the cyclotron nature of the instability contrary to
the assumption of unmagnetized ion-sound turbulence assumed in a number of previous works.
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